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PREFACE 

The American Mathematical Society held its Eighth Col- 
loquium in connection with the Twenty-Third Summer Meeting 
at Harvard University during the week of September 3-9, 1916. 
At this Colloquium the following lectures were delivered: 

I. Functional and their Applications. Selected Topics, in- 
cluding Integral Equations. By Professor Griffith C. Evans of 
the Rice Institute. 

II. Analysis Situs. By Professor Oswald Veblen of Princeton 
Universitv. 

The present volume, which is issued as Part I, contains Pro- 
fessor (now Captain) Evans's lectures. Professor (now Captain) 
Veblen has been prevented by national service from preparing 
his manuscript for publication. The Committee hopes that, in 
the not too distant future, his lectures may appear as Part II of 
a single volume. It seems best, however, to issue Professor 
Evans's lectures promptly, even though a certain discontinuity 
may thereby result. 

Luther P. Eisenhart, 
William F. Osgood, 
R. G. D. Richardson, 
Committee on Publication. 



AUTHOR'S PREFACE. 

Most mathematicians are familiar with that development of 
the subject of integral equations which is epitomized by the 
name Hilbert. There are however other domains whose descrip- 
tion is not so completely available in book form, which represent 
nevertheless an expansion of the same circle of fundamental 
notions, implied in the central theory of integral equations. 
Volterra's genial concepts, developed during the last thirty years, 
and outlined in his treatise of 1913, have by contact with the 
ideas of Hadamard, Stieltjes, Lebesgue, Borel and others, given 
rise to many new points of view. It is the purpose of the 
Lectures to select for discussion some of those which appear most 
to promise further rapid expansion. 

A word may be necessary as to the arrangement. In order to 
make the subject matter accessible to as large a circle of readers 
as possible, the text in large type has been devised to be intelli- 
gible to those who approach the subject for the first time, and 
may be read by itself. The text in small type comes, on the 
other hand, closer to the present state of the subject, and may 
be more suggestive. The author thus hopes to fulfil the avowed 
purpose of the Colloquium. 

Commas in formulae are omitted when not necessary for clear- 
ness; thus r(X, t) is written r{\t) if the meaning is clear from the 
context. 

The author has given references to American mathematicians 
freely, in order that familiarity with names may stimulate con- 
versation at meetings of the Society, and thereby increase interest 
in the subject itself. 

Houston, Texas, 
February, 1918. 
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LEGtiTKE I 

FUNCTIONALS, DERIVATIVES AND/VAKtATIONAL EQUATIONS* 

§ 1. Fundamental Notions; Functionals cf Plane Curves 

1. Continuity of a Functional. If we have two sets of values 
X and y, we say that y is a function of ar if to everj^.'vlilue of x in 
its set corresponds a value of y. Similarly, if we h'ave^^i' set of 
functions <p{x) given between limits a and 6, and a setV vaiUes,^, 
we say that y is a functional of <p{x) if to every <p{x) of the set'- 
corresponds one of the values y. This relation we may write in ' 
some such form as the following: 

(1) y = y[<p(^)]' 

a 

It is an obvious generalization if instead of a functional of 
(p(x), we speak of a functional of a curve (in a plane, or in space), 
or of a surface. Of special interest are the closed curves. The 
area inside a closed plane curve, the Green's function of which 
the point arguments are fixed, and the solutions of boundary 
value problems in physics are ready examples of functional of 
curves or surfaces. The maximum of a function is a functional 
of that function. 

*This lecture is bafled upon the following references: 
Volterra, Sopra le funzioni che dipendono da altre fimzioni; Sopra le funzioni 
dipendenti da linee, Rendiconii deUa Recde Accademia dei Lincei, vol. 3 
(1887), five notes; 
Legons sur lea fonctions de ligneSj Paris (1913), chapters I, II, III. 
Hadamard, Sur T^quilibre des plaques 61astique8 encastr^es, Mimoires pri" 

senUes d VAcadSmie des Sciences, vol. 33. 
P. L^vy, Sur les Equations int^gro-differentielles d6finissant des fonctions de 
lignes, Theses prisenUes d la FacidU des Sciences de Paris, no. d'ordre 
1436; 
Sur les Equations aux d^riv^es fonctionelles et leur application k la 
Physique math^matique, Rendiconii del Circolo Malematico di Palermo, 
vol. 33 (1912); 
Sur rint^gration des 6quations aux d6riv6es fonctionelles partielles, 
Rendiconii del Circolo Malematico di Palermo, vol. 37 (1914). 
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2 THE CAMBRIDGE COLLOQUIUM. 

The argument of a functional, if a curve or a surface, may be 
regarded as having sense; and the value of a functional of a 
curve will depend therefore generalty on the direction in which 
the curve is taken, and the "va-liie of a functional of a surface 
upon which choice we maTce'for the positive aspect of the surface. 

A variable y which depends upon all the values of a continuous 
function ^(a*), in*', ft range a < ar < fc, that is, by means of a 
relation of -the'fpjin (1), may for many purposes be considered 
as a functjori'^f an infinite number of variables, e. g., of the values 
of if .whibb'-cbrrespond to the rational values of x. In fact, since 
this Infinity is a denumerable one, the properties of functionals 
. -'pf**^ continuous function may in a measure be foretold by con- 
• : siclering the properties of functions depending upon a finite 
number of variables and letting that number become infinite. 

As an instance, consider the definition of continuity. A func- 
tion f{xi- • 'X,) is said to be continuous at a point {x^- • -arn®) 
if the quantity |/ — /o| can be made as small as desired by 
taking the quantities |a:t — a:,®|, i = 1, 2, • • •, n, all less than 5, 
with 5 small enough. A similar conception applies to a function 

of an infinite number of variables,* and therefore to a functional. 

b 
We shall therefore say that y[<p{x)] is continuous in ^ f or ^ = <pQ 

a 

if the limit as 5 vanishes of y[(p{x)] is 3/[^o(a:)], where \(p{x) 
— <pq{x) \< b, a < X <h) in other words, as (p approaches ^o 
uniformly. 

2. Derivative of a Functional. The same generalization is not 
serviceable directly in the extension of the idea of derivative. 
It is therefore from this point of view more convenient to gener- 
alize the idea of differential — a linear continuous function of the 
increments of the infinite number of variables thus leading to a 
linear continuous functional of the increment 6{x) of (p{x). The 
functional derivative is however itself a natural conception. 

In the neighborhood of a value a:o, let (p{x) be given a con- 
tinuous increment 6{x) which does not change sign: let us ^Tite 

* It may be ilcHirable to replace, in some cases, the quantity 5 by o-»5, 
• i = 1, 2, • • •, n, whore the ci are given " scale " values (in accordance with 
E. H. Moore's concept of relative uniformity). 
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0(x) I < €, in the interval xq— h < x < xq+ h, setting 0{x) = 
otherwise, and let us form the ratio Ay/<r,Vhere <^ = I 0(x)dx. 

If this ratio approaches a limit as € and h approach zero in an 
arbitrary manner, the limit is defined as the functional derivative 

of y[<p{x)] at the point xq: 

a 

(2) y'l<p(x)\xo] = Hm ^. 

a e=0,A=0 " 

A similar definition applies for the derivative of a functional 
of a plane curve, as the accompanying diagram shows; the 
derivative may be denoted by the symbol y^[C\M], or even y\M), 




Fig. 1 

if there is no ambiguity. The point M denotes in this connection 
a point on the curve C. The quantity a is considered as positive 
or negative according as it lies on the same side of the curve, 
or not, as the positive normal (which we take on a closed curve 
as directed towards the interior).* 

3. Additive and Non-Additive Functionals of Plane Curves. 
Let Ci and C2 be two closed plane curves exterior to each other 
except for a common portion C, with directions such that C" 
is traversed in opposite ways on the two curves; and let C3 be 
the curve composed of Ci and C2 with the omission of C", the 

* It is not desirable, for what follows, to consider any curves whose running 
point co-ordinates are not functions of finite variation of a parameter t; in 
fact we need consider only "standard" curves (see Art. ^9). For sim- 
plicity of geometrical treatment, we thus make a distinction with respect to 
generality when the argument of a functional is a curve, instead of a function 
(see, for instance. Lecture III). The case where the curves have vertices 
involves no special consideration. 
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Vi ■■ . 

direction following that on the original curves. If now for every 
such case the relation 

(3) j : y[Ci] + y[C2] = y\Ci\ 

is satisfied, the fi^ctional y\C\ is said to be additive. 

If y is an additiv^ functional, Ay will depend merely upon the 
contour a, withoijt regard to the rest of the curve C, of which <r 
represents thfe dlstbrtion. Evidently then, y'[C\M] will not 
depend upon (7, tnit:upon the point M alone: the derivative of an 



additive functiima \iSt merely a point function in the plane. 

Let us give to t le points of C a displacement along the normal, 
of amount b]fi{A ) i= €}I/{M), where ^(M) represents a con- 
tinuous functibn i )f the arc distance along C. Denote by by the 
principal part'iof the; infinitesimal change of t/, i. e., the quantity 
€[dy/d€]^«o. FVom the definition of functional derivative, we 
should expect, for an additive functional: 

(4) i ;. i5y= f y\M)6n{M)ds 
and for a non-kd<^itive functional : 

(5) ; ' Si= f y'[C\M]in(M)d^, 
and therefore, |or. an Sadditive functional: 

(6) \ y[C2} - ylC,] = Jf^y\M)da, 

where the region of ii^tegration is the region between C\ and C2, 
dxT being given^-the proper sign at each point; and for a non* 
additive functional: ; 

(7) ' vm- y[C,] = Sj'y'[C\M\da, 

where the region is the same as before, and the curves C form a 
continuous one^parameter family containing C\ and Ct. 

The formula (4) and (5) are still valid if the significance of 
bn{C) is slightly generalized, and it is used to denote the vari- 
ation of C in the sense of the calculus of variations, that is, a 

quantity of the tyfxj c ^ . 
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If the curve Ci may be shrunk down to zero without going 
outside the region of definition, we shall have, for an additive 
functional, the equation: 

(60 y[C] = ffy^{M)d^. 

The formulce (4) to (7) may fail to hold in cases where the 
derivative does not remain finite, or when the functional itself 
depends in a special manner upon certain points. These im- 
portant special cases will be treated, as need arises. But mean- 
while it is perhaps desirable to point out sufficient conditions 
under which formulae (4) to (7) may be deduced. 

4. Existence of a Derivative, Additive Fimctionals vs. Functions of Point 
Sets. An additive functional of a curve, y[C], is said to be a functional of 
finite variation if the inequality 

2i I ylCi] I < M 

is satisfied, in which M is a constant, and the closed curves C» are squares (or, 
with equal generality, rectangles) mutually exterior (except for possible 
common boundaries), finite or denumerably infinite in number, and all con- 
tained in a given finite region. The functional is absolutely continuous if the 
quantity M can be made as small as desired, < c, by taking the sum of the 
areas of the squares small enough, < 5, irrespective of their position. 

It is also convenient to be able to jpeak of a restricted derivative, and 
this we define as lim y[CJ/(area inside C), the curve C being restricted to a 

square. In some cases it may be desirable to restrict the curves to circles 
instead of squares. 

We notice at once the relation of the theory of additive functional to that 
of functions of point sets. In fact if we define a function /(<o) of the points 
in any cell of a square network as the value of y[C] for the contour of that 
square, the value of the function of point sets /(c) will be defined for any 
point set e which is measurable according to Borel, and if the frontier of e is 
a standard curve C, we shall have f(e) = y[C]. To paraphrase a theorem of 
De la Vall6e-Poussin:* 

Every additive functional which is continuous and of finite variation defines 
a continuous additive function of point setSj for point sets measurable according 
to Borel; the restricted derivatives of the functional and the function are the same 
wherever they exist. 

Hence it follows that an additive continuous functional of finite variation 
has a finite derivative (in the restricted sense) at all points except possibly those 
of a set of measure zero, 

* De la Vall6e-Poussin, Transactions of the American Mathematical Society, 
vol. 16 (1915), p. 493. 
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If the functional is c^solutely coniinuousy the corresponding function of 
point sets /(e) will be absolutely continuous for all sets measurable (B). But 
any set measurable (L) is a set measurable ifi) of the same measure plus a 
set measurable (L) of zero measure. And thus by defining /(e) = when e 
is a set of zero measure {L)yf{e) will be defined^uniquely for all sets measurable 
(L), and will be additive and absolutely continuous. It will then have a 
summable restricted derivative at all points except those of a set of measure 
zero, and will be itself the integral of that derivative over the set e.* As 
such, however, it will have a generalized derivative at all points except possibly 
those of a null set. Hence if y[C] is an absolutely continuous additive Junctional 
it will have a derivative {unrestricted), independent of C, at all points except 
possibly those of a null set; moreover equation (6') is satisfied: 

y[C] = ffy'(M)da. 

Equations (4) anck (6) are obvious consequences of (6'). 

In the case when the additive functional is merely continuous, there appear 
in the above equation other terms beside the integral, corresponding to poinl:43 
where the inferior restricted derivative becomes positively infinite, or the 
superior restricted derivative negatively infinite. 

5. Examples of Functional Derivatives. The theorem just enunciated has 
application in showing the existence of certain differential operators, of which 
perhaps one example will be suflicicnt illustration. Consider a function 

m(x, y) continuous, with its first partial derivatives. The quantity / du/dn ds 

will be an additive functional; let us denote its functional derivative, where 
it exists, by Aw. 

If the function /(x, y) is summable, and w(x, y) satisfies the equation 

(8) lf;^ds=ffnx.y)d^y 

for all standard curves, or even for all rectangles, it follows that the functional 

which we are investigating is absolutely continuous; and therefore Au exists 

and satisfies the equation 

Au = - fix, y) 

except at a point set of zero measure. The existence of Am does not imply 
the existence of dhijdx* or d*u/dy^; and yet, as we shall see in Lecture IV, 
where /(x, y) is assumed to bo continuous, the equation (8), which is equivalent 
to Poisson's equation, still lends itself to solution. 

6. Non-Additive Functionals. The functional derivative of a non-additive 
functional will not in general be independent of the curve C, and therefore 
the extension (7) of the result expressed in equation (6) must be obtained. 

* De la Vall^je-PoUHsin, Oiurs d'analyse infinit^simale, Louvain, 1912, vol. 
2, p. 102. 
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Sufficient conditions for this generalization are given by Vol terra; it is possible 
however to reduce them somewhat in extent.* 

Consider a functional F depending on all the values of (p{x) between a and h . 
The following theorem may be proved directly. If for a certain coniinuoua 
function fpo(x), the functional F[<p(x)]t continuous in ip(x)j has a derivative 
f'Mx) I {] for every value of ^ in a certain closed subinterval a'h' of ab {which 
may be ah itself) that derivative remains limited and continuous throughout a'b'. 

To prove this theorem, write F'[v>o(x) | {] = (, and let {i, ^2, • • • be an 
infinite set of values having (0 as a limiting point, such that 

lim F'W,{x) I U] = t\ 

We shall assume that V is finite; the case where t' is infinite occasions an 
obvious modification of the proof. Let | ( — (' | = p, and suppose momen- 
tarily p + 0. 

Give to <pq(x) a variation of one sign di(x), of the kind specified in the 
definition of the derivative, and take ci and h\ so small that we have the 

inequality 

I F[<p,{x) + Biix)] - F[ip,{x)] - t<ri I < i I pai I . 

We may, however, by taking a variation ^2, small enough, and about a point 
(n near enough to (oj and adding to it a variation ^3, small enough everywhere, 
yet dififerent from zero at ^0, obtain 9 variation ^i for which is satisfied the 
inequality: 

I FW^{x) + B^ix) + e^{x)\ - F[Mx) - t'ict + a,) I < 1 1 p(<r2 + a,) I . 

For since F is assumed to be continuous, the increment 0% may be made so 
small as to affect the difference F[^o + <Pt\ — ^[^ol as little as we please. 
But from these two inequalities it follows that 

\ {t - t'){<rt ■\' <r^) \ < | p |(a, + a,) | , 

which is a contradiction. Hence p = 0, and the theorem is proved. 

In order now to obtain the formulae (5) and (7) we consider as a region 
for the argument <p{x) that included between two given continuous functions 
*i(x) and *2(x), where *i(x) < *2(a:), in the interval a < x ^ 6, and assiune 
that F[ip] is defined for every continuous function in that region, and is con- 
tinuous. This we call the assumption (a). 

In addition to (a) we assume the conditions (X) (m), as follows: 

(X) The functional derivative F'[(p{x) \ i] exists for every function in the 
region, and ever>' ^, a :^ x < 6. 

(ji) The ratio AF/a approaches its limit uniformly with respect to all 
possible functions <p(x) and values ^. 

From (a) (X) (//) it may be deduced that F' is continuous in { uniformly for 
all points i and functions ip in the region; and that it is continuous in ^ and <p 
uniformly with respect to i and ^, provided that ^p is restricted to a family 
of continuous functions, closed in the sense that the limiting functions are 
uniform limits. 

* Evans, Bulletin of the American Mathematical Society y vol. 21 (1915), 
pp. 387-397. 
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For convenience we denote by (mi) that part of the assumption (/*) which 
requires uniformity with respect to the functional argument alone. From 
(a) (X) (^ti) can be deduced a theorem analogous to Rollers theorem in the 
differential calculus: 

Let F[ipi] = Flipi] = 0, where ^i — v>2 is a function which does not change 
sign in the interval ab and is different from zero only in the interval a'b'. 
Then there is a function v>0) of the pencil determined by ^i and ^s and a value lo, 
a' < {o ^ h\ such that F'lMx) \ {ol = 0. 

From this theorem follows the law of the mean, in the same way as in the 
differential calculus: 

Law op the Mean. Let ^i — ^j not change sign in the interval a5, and be 
different from zero in the suh-irUerval a'b' (which may be ab itself). There is a 
function <po of the pencil determined by ipi and v>s, and a value ^o, o' ^ ^o — h\ 
such that 

(9) FW,{x)] - Fy,{x)\ = F'W,{x) I i] £ {<pt{x) - ^i(x))dx. 

Let us consider now functions ip{x) and ip{x) + «^(x), in the given range, 
CO being an arbitrary parameter whose values are restricted to the neighbor- 
hood of o) » 0, and make the assumptions (a) (X) (m). We can find an 
explicit expression for [dF/d«]«.o. In fact, this is easily shown to be of the 
form • 

of which equation (5) is an obvious consequence. Hence also we have: 

(11) (5^)«.« ^ sy^Mx) + io^ix) I a^(«d>. 

From (11) may be deduced the equation 
(12) FW(x) + ^(x)I - FMx)] = £f'W(x) + d^(x) I {l^(«d^ 
where < d < 1. And from (12) follows the equation (7), already given. 

§ 2. FUNCTIONALS OF CuRVES IN SpACE 

7. Introduction. We are interested in this lecture not so 
much in the character of the curve, which is the argument of the 
functional, as in the character rather of the functional relation 
itself. And so we shall assume without statement, or with slight 
statement, whatever properties may be needed from time to 
time in order to make possible the diflferential and geometric 
transformations used in the analysis of the functionals. The 
curves are to be closed, and in particular, each one must be 
capable of being capped by at least two surfaces which have no 
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points in common except points on the curve, and which enclose a 
region lying entirely within the region of definition of the func- 
tional. Moreover we must be able to pass from one curve of 
the class to any other by means of a family of curves depending 
upon a parameter X, such that the co-ordinates (xyz) of a point 
on the variable curve will be continuous functions of X with 
continuous derivatives up to the second order. We shall con- 
sider, of course, only rectifiable curves, since we shall use as a 
variable the distance s along the curve. 

In this lecture we consider merely real functionals of space 
curves. Lecture II is devoted to their theory as complex 
numbers. 

8. Functional DerivatiTes and Functional Fluxes. If we take 
in the neighborhood of a point M, a small portion ^ of the curve 
C, and give to every point of it a displacement Ax parallel to the 
X-axis, thus forming a new curve C, the quantity 

(13) 'fl''l^-„JS«^"?' 



rfAsAz ' 



if it exists, is called the derivative of F[C] at the point M in the 
direction X. Under the conditions of uniform continuity 
analogous to those specified in the case of plane curves, if we 
make a displacement of the given curve C by an amount of 
which the projections on the three axes are respectively «{(*), 
eilia), et(')> we find for the rate of change of F the value 



a-fL=x 



tact if the points of the curve first take on a displacement 
Ulel to the X-axis of amount <((»), there will result to F[C\ 

n t of amount AFi = e I Z(d«, etc. The above formula 

\ may be written in the alternate form 

SF[C] = J {XSz + YSy + ZSz)ds. 
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If the functional derivatives fail to exist at special points of 
the curve C, terms corresponding to these special points may 
be introduced into the formula for the variation of F[C], as in 
the case of functional of plane curves. 

Since the true argument of the functional F[C] is understood 
to be the curve C, and not the three functions of a which define 
the co-ordinates of any point of C, it follows that the three 
derivatives X, Y, Z are not entirely independent. In fact, if 
we make 5a:, Sy, 6z such that at every point of the curve they 
define a direction tangent to it, we have 



X 



(XSx + YSy + Zbz)d8 = 
c 
or 

JK{X cos a:, * + 7 cos y, ^ + Z cos z, 8)d8 = 0, 
c 

where K is an arbitrary function of s. Hence 

(15) X cos Xy 8 + Y cos y, * + Z cos z, * = 0. 

According to the formulae (14) or (140, the derivative of F[C\ 
in any direction n is the projection Rn of the vector iJ, with com- 
ponents Xy r, Z, in that direction. Hence for new axes ar', y', a' 
through the point, we have the usual formulse for transformation 
of co-ordinates: 

(16) X' = X cos a:, x' + Y cos y^x' + Z cos z, a:', etc. 



From (15) we see moreover that the vector R[C\M] is normal to 
the curve C at M. 

The vector R has the advantage that it is uniquely defined for 
every point of the curve C for a given functional. It is not, 
however, the only functional vector which may be defined, and 
for additive functional, especially, not the most convenient one. 

Consider a curve C, and two planes at right angles which 
contain the tangent line to C at a point M, Let V\ and V^ htt^ 

defined as 

AF AF 

(17) Vi = lim — , F2 = Hm — , 

a,=0 ^1 «rs=0 ^2 
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due respectively to small displacements of area <ri and 0*2, of an 
element ds of the curve, in the two planes. Consider each Vi as 
directed normally to its plane in such a way as to make the 
direction around o-* positive, looking down this normal. Let V 
be the vector perpendicular to C whose components are Vi 
and F2. 

If F[C| Jf] is continuous in C and M in the neighborhood of 
the point and curve in question, we can deduce in the same way 
as for the corresponding theorem about directional derivatives 
in the difiFerential calculus, that the rate of change of F[C] for 
a displacement a in any plane containing the curve is the com- 
ponent of V perpendicular to that plane. 

From the fact that, except for infinitesimals of higher order, 
we have the equation: 

AF = Vnd<r = (XSx + YSy + Z8z)ds 

we may deduce the equations 

Z = F, cos s, y — Vy cos 8, z, 
(18) Y = Vx cos s, z — Vg cos 8, x, 

Z == Vy COS 8, X •- Vx COS 8, y, 

which may be expressed in the shorter form 

(180 R=rXV, 

where r is a unit vector in the direction of the curve, and t X V 
stands for the vector product of the two vectors r and V (the 
vector area of the parallelogram of which they are the two sides). 
In fact if the element of arc d8 has an arbitrary vector displace- 
ment dp we shall have 

At = (8p X T)d8 
and 

AF= V'da= V'iSpX r)ds, 

where V-da stands for the scalar product of the vectors V and 
da* But V*{ipX t) =^ bp-{TX V), and therefore, since 

* If a and /3 are two vectors, a-/3 is defined as a^fiz -f ctyfiy -f a«/8». The 
quantity a- 03 X 7) is thus seen to be the volume of the parallelopiped of 
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V'da = R-Spds, R = tX V. We may therefore rewrite equa- 
tion (7) in the form 

(19) F[C2] - F[Ci] = // Vnda = ffVd^r. 

If we change V by adding to it any component in the direction 
T of the curve C at M, the rate of change of F[C], for a small 
variation about Jf in a plane containing the direction of the 
curve, will still be given by the projection of F in a direction 
perpendicular to this plane. The formvlcs (18), (18')> (19) tvUl 
aU remain valid, since the terms due to this extra component all 
are seen to have the value zero. We can regard the func- 
tional vector V[C \ M] therefore as containing an arbitrary com- 
ponent along the curve C; in contradistinction to the vector 
R[C\M], which is uniquely determined. 

Following P. L6vy, we call V[C | M] the flux of the functional. 

9. Additive Functionals of Curves in Space. We can speak of 
additive functionals of curves in space, as well as additive func- 
tionals of plane curves. For additive functionals of space curves, 
the flux V acquires special importance. We can so choose V ob 
to make it independent of C: 

(20) V[C\M]= V{M) = V(xyz). 

In fact, we notice that Fn[(7|Jlf], the component of V per- 
pendicular to the element of surface a at M, depends merely on 
the orientation and position of a, and not on the curve C, of 
which it forms the local variation; for, since F is additive, we 
have 

(20') Vn = lim ^^ , 

where C^ is the boundary of <r. Moreover, if at a point M we 
determine the quantities F„ Vy, F, in this way, by taking c 
perpendicular to the x, y, and z directions respectively, the 

sides a, /?, 7, taken with the positive or negative sign according as the vectors 
have the same order as the axes, or the opposite. If we denote this triple 
product by [0/87], we have obviously 

[afiy] « a-(^ X 7) = (a X /3)-7 = \fiy<A = [ya$\. 
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construction familiar in the case of hydrodynamics shows us 
that Vn is merely the component in the direction N of the 
vector (F„ Vy, V,). 

On account of (20'), Volterra uses the symbols dF/d(yz), 
dF/d(zx), dF/d(xy) to denote the three components of V, and 
the symbol dF/da to denote the vector V itself. 

10. The Condition of Integrability for Additive Functionals. 
For any closed surface we must have the equation 

(21) // V.d<r = 0, 

since it may be regarded as forming a double cap for a closed 
curve lying on it. Hence at every point in the region we are 
considering, the relation 

must hold; the divergence of V must everywhere vanish. 

On the other hand, it is evident, that if the relation (21') holds 
everywhere for the vector point function V, it will define an 
additive functional of space curves by (19), of which V will be 
the vector flux. Equation (21) will hold in fact for any closed 
surface, and V will satisfy (20'). 

11. Change of Variable. If we make a one-one point trans- 
formation of space X = x(xy2), y = y(xyz), z = z(xyz), where 
x{xy2), y{xyl), z{xyz) are continuous functions with continuous 
first derivatives, with [d(xyz)/d(^z)] + 0, the closed curve C 
will go over into a closed curve C, and the additive functional 
F[C] will go over into an additive functional F[C], which will 
have a flux vector V. 

If (u, v) are the curvilinear co-ordinates of corresponding 
points on the caps 2 and 2 of C and C respectively, then 

F[C\ = F[C] = JJvjydz + Vydzdx + V^xdy 

J J I d{uv) ^ a^uv) d{uv) J 
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But 

d{yz) _ djyz) d(yz) d(yz) djzx) d(yz) d(M) 
d{uo) d{§z) d(uv) d(i£) d(uv) d{£y) d{uv) ' 

Hence if we write 

^^-.^'dmy^'dm^'diy-z)' 

r22^ V-- V^^4-V ^^-\-v ^^ 

V - V ^^^^ I V ^^£lj. V ^^ 

'^' '^'dim "diiy)'^ diiy)' 
we obtain, by substitution in the equation for F[C], the equations 

J J i d{uv) ^d{uv) d{uv) J 



=// 



V-^dydz + V^zdx+ V^dxdy. 



Hence the vector whose components are defined by (22) is the 
transformation of V, that is, the vector flux of F[C] in the new 
space. 

If the functional F[C] is not additive, the formulae of transformation will 
be best given for the functional derivatives X[C \ M], Y[C \ M], ZIC \ M] ; 
since the vector flux is not uniquely defined. We have at once: 

(23) XlC\M]=^XlC\M]^+YlC\M]^ + Z[C\M]f-}%.etc.. 
where ds and ds are corresponding elements of arc. 

12. Functionals of Surfaces and Hypersuifaces. The main 
elements of the theory of functionals have been generalized by 
Volterra to apply to functionals of r-spaces which are immersed 
in an n-space, mostly for the purpose of an extension to the field 
of complex functionals. 

The theory of functionals of hyperspaces of w — 2 dimensions 
in the n-space corresponds closely to that of functionals of curves 
in three dimensions. Still simpler, of course, is the theory of 
functionals of hyperspaces of dimension w — 1, except for the 
consideration of the singular manifolds for the functional. 
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Fischer* has considered the exceptional points and curves of 
functional of surfaces in ordinary space, and connected his 
results, by examples, with the calculus of variations. 

§ 3. Variational Equations in Functionals of Plane 

Curves 

13. The Dependence of the Green's Function on the Boundary. 
The Green's function for Laplace's equation in two dimensions, 
denoted by g[C\P, B] or g[C\xy, x^yj, is, except for the point B, 
single valued and harmonic in P within the closed curve C, 
becomes logarithmically infinite as P approaches B: 

9=" log- + a> 

and vanishes if P is on C. As is well known, it is symmetrical: 

g[C\PB] = g[C\BP]. 

We wish to consider it now as a functional of the curve C, and 
express its dependence upon C. 

If we take two curves C and C, the latter supposed momen- 
tarily to be entirely inside the former, and two points A and B, 
both inside C, which we surround with small circles, an appli- 
cation of Green's theorem to the complete boundary of the 
region between the circles and the curve C yields the result 

2H9lC'\AB] - g[C\AB]) = -£ g[C\AM] ^^^%^f^^ ds. 

upon shrinking the circles down to zero. Here n denotes the 
interior normal, and M a point on C corresponding to the vari- 
able of integration. 

But for a small variation in C of amount Sn{M) the function 
g[C\AM] is an infinitesimal whose principal part is (dg/dn)Sn, 
We have therefore, upon substitution, the result: 

Since any variation of C can be written as one which is wholly 

♦ Fischer, American Journal of MathenuUics, vol. 38 (1916), p. 259. 
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internal plus one which is wholly external, the above formula 

(24) applies to any variation Sn{M), continuous with continuous 
derivative. It was first given by Hadamard.* 

The equation (24) is called an equation in functional derivatives \ 
in fact, by means of (5), it may be written in the form: 

in which g'[C \ ABM] denotes the functional derivative of g[C \ AB\ 
at M. It may also be called, more shortly, a variational equation. 
If we take a family of curves of which one and only one curve 
passes through each point of the region, and denote by n^ and n^ 
the normals to the curves at A and B respectively, it follows at 
once, as was pointed out by Hadamard, that the quantity 

satisfies the important equation 

(25) 8*[C|^5]= { ^C\AMYif[C\MB]in{M)ds 

or, as it may be written, 

(25') *'[C I ABM] = *[C I AM]^[C \ MB]. 

Hadamard's equation is also satisfied by other important differ- 
ential parameters. 

P. L6vy has constructed an extensive theory of these equations. 
They may be considered as the limits of total differential equa- 
tions as the number of independent variables is allowed to 
become infinite. In fact, if in the equation 

1 
we take 

Xi = x{ti), dxi = 8x(ti)At, 

where At = <»+i — <» = (6 — a)/n, and write 

fi(Xi' • 'Xn, Z) = f(x(ti), X(t2), • • •, X(tn); 2 | <•) 

letting then n become infinite, the quantity z(xi' • ^Xn) becomes 

♦ CompUs Rendus, vol. 136 (1903), p. 353. 
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b 

z[x(t)], and we obtain the equation 



dz = Sz[x(t)] = iflxit), z\t]Sx{t)dt, 

a %/a 



or 

z'[x{t)\M]^S[x{t),z\M], 



in which z\x{i) \ M] denotes the functional derivative of z. 

In the total difiFerential equation there are certain conditions of 
integrability on the /»• which must be satisfied in order to make 
the /,' possible partial derivatives of some function z(xi-"Xn). 
Similar conditions must therefore be expected for these new 
equations. Their nature can be best described in terms of an 
additional concept. 

14. Adjoint Linear Functionals. Consider a closed curve C 
and let jBi[ti|Jf] and jB2b|-Ml be two linear functionals* of the 
functional arguments u and v, defined on C; functionals which 
depend also on the point argument M, on C. The functionals 
El and E2 will be said to be adjoint (with respect to M or s) if for 
every pair of functions u(M), v(M) in the field considered the 
relation 

(26) fv(M)Ei[u\M]ds-= f u(M)E2[v\M]ds 

is satisfied. The field of functions u, v will be that of all con- 
tinuous functions, or continuous with their first k derivatives, 
as the conditions of the problem demand. It follows from (26) 
that the linear functionals must be homogeneous (i. e., E[0 \ M] 
= 0) if they are to have adjoints. 

From (26) it follows immediately that no linear functional 
admits more than one adjoint. If, in particular, £i[i^|il/] is 
merely a differential expression in u with regard to the variable s, 
on the curve, the equation (26) yields the well-known relations 
between the coeflScients of the given and adjoint expressions, t 

* E[u] is a linear functional if E[ciUi + cjUj) = CiElui] + ctElut], where 
Ci and Cs are arbitrary constants. 

t If C is not a closed curve there will be involved relations among the end 
values of u and its derivatives. 
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If our expression is of the form 
(27) Ei[u I s] = fj(ssiMsi)dsi + AoisMs) + ij AM ^^ , 

where 8 and ^i replace M and Mi, the adjoint expression has the 
form 

^2^1*] = I f(Si8M8i)dSi + Ao(8)v{8) 

(27.) Jc 

+ i: (- lYjJi (Ai{8M8)). 

If £7i[u|»] and Fi[ul«] have for adjoints £2[t>I«] and F2[o|«I 
respectively, then £i[Fi[m]] (that is, £i[/'i[m|»']|»]) has for 
adjoint Ft[Et[v]] (that is, F2[Ej[c|»'] \s]). In fact, by (26), 



r v(s)Ei[Fi[u I a'] \8]di= f Fi[u \ 8]E2[v \ *]d» 

Jc Jc 

= J F2[E2[v\8']\8M8)d^. 

Similarly, more than two expressions can be compounded, and 
G2[F2{E2[v]]] shown to be the adjoint of Ei[Fi{Gi[u]]]. In par- 
ticular, if jB[w|J/] is self adjoint, and F2 is the adjoint of Fu 
then the expression /'i[-E{F2[w]}] is also self adjoint. This fact 
we shall make use of, later. 

IS. The Conditions of Integrability. We wish to find the func- 
tional *[C|-4, B" -] which will satisfy an equation of the type 

(28) d^C\AB' . .] = Jf[C, ^\A, 5. . . M]8n(M)ds, 

where F depends upon C and perhaps also *, as functional argu- 
ments (i. e., for instance upon all the values of * when A, B, • • • 
range independently over the curve C*), and on 3f as a point 
argument. According to (28) we should expect that given 
^[Co\AB" •] the functional * would be determined for aU 
other curves C This existence theorem will be considered later; 

* In (25) F depends upon the particular values of ^ when A and B take the 
position M on C. 
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we must insure now however that * shall be really a functional 
of C, and not depend on the manner in which C is approached 
by the summing of successive variations from Co. 

Let Cxn be any two parameter family of curves containing Co 
and C, in such a way, say, that Coo = Co, and Cu = C. In 
order that * shall not be dependent on the path that (X/a) traces 
in going from (0, 0) to (1, 1) it is necessary and suflScient that 

dfjL d\ dX dfJL ' 

This condition must hold for every two parameter family which 
can be formed from the class of curves we are considering. 
If we write S^ = 8(8$), we shall have for it the value 

and the test for integrability, corresponding to the possibility 
of interchanging the order of difiPerentiation in regard to X and fx, 
lies in the possibility of interchanging the two variations Sn 
and Sin of C without changing S^. 

The variation of 8*, as given by (28), due to the new variation 
Sin(Mi), depends upon the variation of F, which we may write 
as some linear functional jB[8in|3/] of Sin, upon the variation 
of dn itself (i. e., dldfJL(dn/d\)dkdfx), which we call S^n, and on 
the variation of ds. The last is obviously given by the formula 

where k is the curvature, counted positively if the center of 
curvature lies on the positive direction of n. We have, then : 

S2*= f E[din\M]8n(M)ds 

(29) -^^ 

+ I F[C, *|3/](52n - A:Sn5in)d*. 
Jc 

In order to investigate more closely the quantity 8hi consider 
the special equation 

nC] = fff(M)dxdy, 
which defines ^ as a functional of curves. We have 
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N 



and 



J*[C]= ff(M)ds 
Jc 



provided that we define (as a permanent convention) the path 
of the point M as normal to (7, as C varies. But in this equation 
P't is independent of the order of making the variations Sn, Sin, 
since ^ is a functional of C; also, obviously, are the first and 
third terms of the right-hand member. Hence the same property 

holds for I f(M)Shids, whatever the function f(M) may be. 
Jc 

Hence SVi itself is independent of the order of making the variations 
Sn and Sm. 

With reference to the original equation (29) therefore, we see 
that the necessary and sufficient condition for integrability is 
that the functional E[Sin \ M] be self adjoint. But this functional 
is merely the variation of ^'[C\AB- • -if]. Hence the necessary 
and sufficient condition for the integrability of (28) is thai 

S^'[C\AB''M] 

be a self adjoird functional of Sn. 

If E[Sn I M] is identically self adjoint, that is, for every * and C, 
the equation (28) is said to be completely integrable. 

In calculating the functional E we must not expect to find it 
in the simple form (5), since the variation of the point M with C 
as C varies is usually going. to introduce new terms into the 
expression. 

16. Special Equations. In the case of Hadamard's equation, 
we have 

S^'[C\ABM] = ^[C\AM]S^[C\MB] + S^[C\AM]^[C\MB] 

= f {^C\AM]^lC\MMimC\MiB] 

Jc 

+ *[C I AMiMC I MiM]^[C I MB] ] SMMi)dsi 



+ ^mC\AM]*lC\MB]]SMM). 
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As a functional of bin, this expression, according to (27), is its 
own adjoint; for the integral is symmetrical in M and Mi, and 
the term outside the integral is merely of the form of a function 
of M multiplied into din{M). Hadamard's equation is therefore 
completely integrable. 

On the other hand, the condition of integrability for the some- 
what similar equation 

(30) *'[C I ABM] = *[C I AM]^C \ BM] 

reduces by (27) to the condition: 

i{AM)i(MMi)i{BMi) + i{AMi)^{MMiMBM) 

= ^(AMi)i(MiM)^{BM) + i{AM)^{MiM)i(BMi) 
or 

{i{AM)i(BMi) + i(AMi)i(BM)]{i(MMi) 

(300 

- *(3f i3f ) } = 0. 

In these equations the C is omitted for brevity; it must be 
remembered that the points M and Mi are however restricted 
to lying on the curve C. 

If the first factor of (30') is identically zero, we find *[C|^Af] 
s 0, by putting B = A. Hence by (30), i'[C\ABM] vanishes 
identically, and therefore, by (7), 

^C\AB]= const. = 0. 

If on the other hand, the second factor vanishes identically 
(which is the alternative if we restrict ourselves to f unctionals * 
which are analytic in their point arguments) we have 

^Co\AB]^^Co\BA] 

provided that Co goes through both A and B. But since from 
(30), for every C, A, B, 

^'[C\ABM] = ^'[C\BAMl 

it follows by (7) that the function ^C\AB] - ^C\BA] is inde- 
pendent of the curve C. Hence, identically: 

^C\AB] = ^[C\BAl 
which is a sufiicient condition for integrability. 
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Consider as a third equation 

(31) mC] = J/(*, M)Sn(M)d^, 

for which we have 



X 



-=^-^^ — /(*, mi)din{Mi)dsi H ^^^ — din(M). 

By (27) the condition of integrability is the following: 

If the equation is to be completely integrable, this condition 
must be satisfied for all functionals $ and points M and Mi on 
C. This is the same as saying that d log/(*3/)/d* shall be 
independent of M, M on C. Hence, for M on C, f must be of 

the form: 

/(*, M) = 9m<piM), 

and since the function does not involve C it must have this form 
always. Therefore, by (30) 

8* r 

The right-hand member of this equation is merely 5*[C], 
where 

*[C] = //^(il/)d(r 

iC) 

is an arbitrary additive functional. But the relation 

5$/^($) = 5^ 

merely tells us that the quantities * and ^ are functionally de- 
pendent, i. e., that d^/d^ exists and is given by g{^)>. Hence 
the functionals defined by (30), if (30) is completely integrable, are 
merely functions of additive functionals of curves C. 
As a last example, consider the equation 



X 
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S$[C]= f ii>'[C\M]8n(M)ds, 

Jc 



which is an identity for any given functional *[C], under the con- 
ditions described for (7). Let us suppose that *'[C | M] has itself 
an integrable derivative $"[C|3f3/i]. We shall have then for 
8*' the expression 

^ ^''[C\MMi]8in(Mi)ds, 



X 



plus possibly other terms which are not integrals. The condition 

*"[C|ilf3fi] = ^"[C\MiM] 

must therefore be included in the condition of integrability, a 
result which was originally stated by Volterra. The second 
functional derivative must be symmetrical in its point arguments. 

17. The Integrability of the Equation for the Green's Function. For the 
equation 

(32) *'[C I ABM] = - ?*t^J^i*Ll ?*tC|MBI 

an an 

which vs equivalent except for a constant to (24), we have 

dMAM) dMMxB) d«*(MM,) 



6*'(ABM) = -/[ 



dn dfii dndni 






i. ( i±(AM) ^*iMB) 
dn\dn dn 



j «in(«) 



, /d*(^M)d*(MB) , d4?{MB)d*(AM)\ ^ „, 
+ V^ds— -Tn— + ■ -V, ^- ) ^"^ (*)' 

in which the last two terms represent the variation of the right-hand member 
of (32) due to the displacement of the point M, the last term arising from the 
change of direction of n. The notation 6in'(«) stands for the derivative with 
respect to « of the quantity 6 in. 

In order for this expression to be self adjoint, we have, by (27) : 

b^{AM) d^{MB) d^jMB) d^AM) 
^^^^ d~8 dn "^ d8 ~ dn "" 

for all curves C, all points A and B^ and all points M on C. Equation {32) is 
therefore not completely integrable. Since (30) is an identity, its variation also 
must vanish. This will be constituted by an integral, a term in fin and a 
term in in'. By choosing particular types of functions dn{s) it is easily seen 
that each of these terms must vanish separately. 
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The coefficient of 5n' is called by L6vy the derivative with reaped to 6n\ 
Thus the derivative with respect to 6n' of d^(AM)/dn is — 5*(A3f)/d«, and 
the derivative of d^{AM)/d8 is -f d^(AM)/dn. Hence we can write down 
at once the derivative with respect to 6n' of the left-hand member of (33)| 
and since this must vanish, we have the further identity 

(33') dMAM) d^(M B) _ d^AM) d^jMB) ^ ^ 

^ ^ dn dn ds ds ^ ' 

Consider f unctionals 4> which as far as concerns the point arguments, are 
continuous with continuous derivatives in the neighborhood of the curve C. 
It can be shown quite simply that this requires either (a), that ^ shall be 
independent of C and shall be a function merely of a single point argument 
A or B, or (6), that if it depends upon C, it shall, as far as its point arguments 
are concerned, be an anal ytic function of x -f iy and Xi — iyi, where A « (xy), 
B » (xi^i), and i ^ zt V— 1. In fact, in this last case, from the equations 
(33), (330 follow the equations: 

a*(A M) ^ . d^jAM ) d^(MB) ^ . d^{MB) 

dn Be * &n Be * 

from which the above conclusion can be shown to follow. 

The value of the functional may be chosen arbitrarily for one curve Co, 
and is then determined by the equation for the other curves C. 

The Green's function does not remain continuous when A and B approach 
the same point M on the curve, and hence is not subject to the above analysis. 
L6vy has the following theorem : 

Consider afunctional 4>[C | AB], equal to the function (l/2T)g[C \ AB] jdue a 

function which remains analytic when the point arguments lie in the neighborhood 

of the curve, A necessary and sufficient condition that there exist such afunctional 

which saiisfies (32) and takes on, for a given curve Co given arbitrary values 

*o[C I AB], is that 

thai is, that ^o shall remain constant if one point argument is held fast and the 
other allowed to travel around the curve Co. 

18. Variational vs. Integro-Differential Equations. If equation (28) is com- 
pletely integrable, we can obtain its solution by means of any particular 
family of curves we please, which leads to the curve C. In this way, by intro- 
ducing a quantity X as a parameter which determines the curve of the family, 
the equation under consideration becomes an integro-differential equation, or 
perhaps reduces to a degenerate form of such an equation. 

Consider the equation 

(34) «4»[C1 = /^ FlC I *, M]Sn{M)d8, 

in which the functional 4>[C] has no point arguments. If we introduce a 
second parameter t for the set of orthogonal trajectories to the X-curves, we 
may write dn{M)d8 — r(\l)d\dt, where r{\t) is a known function, so that (34) 
takes the form 
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(34') ^ - /^^ F(X, ♦, Or(XO*. 

This equation may reduce to a differential equation; in any case, however, 
if we integrate with respect to X from Xo to X we have an implicit functional 
equation of the type which is described in Art. 36, Lecture III. Hence the 
theorem : Within a certain range Rofthexy plane j and a range of values 4>o — L 
^ 4>^ 4>o + L, there is one and only one continuous solution 4>[C] of (34), 
for C in R, which takes on the value *o/or the curve Co; provided that F[C | *, M] 
is continuous in its three argumentSf and there is a constant A (independent of C 
and M) such that: 

(34") I FlC I*,, Af] - F[C 1*1, 3f] I < A I*, - *i I . 

If we consider the more general equation (28) we must replace the point 
arguments A, B, • • • by their curvilinear co-ordinates (Xid), (Xt<j), • • • . If 
the functional F, which now depends upon all the values of 4>, for d, (s, • • • 
moving independently over their common range, satisfies still a Cauchy- 
Lipschitz condition of the type (34") i the treatment of the equation depends 
merely upon the same theorem about implicit functional equations. If on 
the other hand, the functional F depends upon * in such a way as to bring 
in its derivatives with respect to one or more of the arguments, the theory of 
the equation must be a generalization of the theory of partial differential 
equations. The two equations (25) and (32), respectively, offer examples of 
these two types. 

§4. Partial Variational Equations 

19. Volterra's Equation for the Dirichlet Integral. Upon the convention 
that we have already made, that as C varies, the point M is understood to 
move in the direction of the normal to C at Af , we shall speak of a functional 
ii[C I 3f] as being independent of C if it remains invariant as M changes with C 
We are thus able to consider functional 4> which depend upon a curve C and a 
function u(M) on the curve C, each varying independently of the other; and 
we can consider the partial functional derivatives of such functional with 
respect to C and u, and the possible relations that may hold between them. 

Dirichlet's integral 

(») „o,.i.jr/{(g)-H-(|)-}«. 

where u(x, y) is a solution of Laplace's equation inside C, is a functional of 
the contour C and the values u(M) which are assigned to t((x, y) on C. If we 
change u(M) without changing C, we have: 

which reduces by an integration by parts and the setting of V*u » 0, to the 
form 

5„* = -2 C^Suds, 



the formula 
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By means of the definition of functional derivative, this yields: 

(36) */[C, u I Jif] - - 2 ^"i^^ . 

oft 

On the other hand, if we vary C, and vary u(M) on C at the same time in 
such a way that u{xy) remains unchanged inside C, that is so that Su « du/dn 
5n, we have for the new quantity 

5« = /^{*/(JI/)au(M) + ^c\M)5niM)}d8 
= fc {*u(M) 1^ + *c'(A/) } SniM)ds 

»--/.{(S)*^(g)'}'»^ 

--/.{(sy+»-}-^ 

where u' denotes du/d8. Hence: 

♦..(M)g+v(Af)--(gy-«''. 

By means of (36) this yields the equation 

(37) *c'lC, u\M]^ 1{*«'[C, u I M]]* - {u'(JI/)}«, 

which is a partial equation in the functional derivatives of ^[C \ u] involving 
only the independent arguments C, and u(M) on C (since dti/d« is known when 
u is known on C). 

Equations of the t3rpe (37) may be caUed partial variational equations, or 
equations in partial functional derivatives. We may expect to find them for 
such functionals as are related to partial differential equations by means of 
the Calculus of Variations; for some such connection is necessary in order to 
eliminate the interior values of u(xy) from explicit connection with the quanti- 
ties considered. Quantities like the area of minimal surfaces, the energy in a 
changing system, etc., will therefore satisfy such equations. In particular, 
to give another special example, if within the closed curve C, the quantity 
u{xy) IB a solution of the equation 

the quantity 

*'^'«i=//{(S)'+(g)'+-'}'^'' 

satisfies the partial variational equation 

(38) *c'[C, u 1 3f] = \{^JIC, tt I J»f]}« - tt'(JI/)* - Xtt(JI/)«. 

20. The Condition of Integrability. The equation to be considered is of 
the form 

(39) *c'lC, u I JIf] = F[C, u, *«' I ♦, M]. 



\ 
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We have already considered the second variation of a functional ulC]. 
of C alone. If the functional depends also on My its second variation takes 
on a more complicated form. This can be arrived at in the following manner, 

Consider two separate variations in and 5 in depending on parameters X 
and m; the final position of a point M will be Mi or Mt according to which 
of the variations is executed first, and the corresponding difference between 
the values of u[C | M] will be MiMt du/ds. Accordingly, if du/da vanishes 
identically on C, the quantity ShtlC \ M] will be independent of the order of 
making the variations 8n and 5 in, from that particular curve C. 

Given now any functional ulC \ M] we can write it in the neighborhood of 
C SLBUilC] M] + utixy)f taking for the first term a functional which remains 
constant on the particular curve C, and for the second, a function of x, y inde- 
pendent of the curve C The second variation of ut(xy) will involve a differ- 
entiation with respect to 5n', according to the method of Art. 17, and we shall 

therefore have: 

^ d*Ui , - But , „ , dut ,. 

and accordingly, since dHtt/dn din and Sh% are independent of the order of 

making 5n and 5in, the quantity ^t + ut'5in'5n must be also. But the same 

property holds for the quantity Shii -\- tti'5in'5n, and therefore we have the 

result that the expression 

Shi + ii'5in'5n 
U symmetrical in 6n and 6 in. 

Return now to the condition of integrability for (39). The variations of 

^c ^>^^ ^u ^^ ^ linear functionals of 5in and 6iu, If we write them in the 

form 

«*«'[C, u I Af] = El6iu] -h Fl6in] -\- k4>JlC, u \ M]8in 

i*clC, u I Jlf] = Fl6iu] + Gl6in] + */[C, u \ Af]ii'«in', 

the last term in each expression being inserted merely for convenience, we 
find, in the same way as in (29), for the second variation of ^: 

««*IC, u] = r {E[Siu]6n + FlSin]8u + FlSiu]Sn + G[Sin]Sn}ds 

(41) 

+ f {*«'(JI/)(«*M + u'5in'«n) -f *c'(M)(i*n - kSinSn)}ds. 

The second integral is already independent of the order of making the suc- 
cessive variations. In order to produce the same result in the first integral, 
and therefore, in order to make 6^ an exact differential^ it is necessary and suf' 
fcienl that the functiontds E[8u] and G[Sn] he self adjoirUy and that the furu^tioruds 
Fliu] and Fldn] be mutually adjoint. 

Let us apply this result to equation (39). We are assuming that <I>[C, ul 
is such a functional that: 

5* « r {*c'[C, u I M]hn -h *y[C, u I M]hu)ds, 
u c 

and we may therefore substitute this value for 6^ when we find the variation 
of d4» ' in (39). We have then : 
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(42) i^clC, u I Af] =x HlS*J] + Ll6u] + Li[5n] 

where the functionaLs Hf L and Li depend upon the arguments indicated, and 
on ^, Cf My u(M), ^u'lC, u \ M] and the derivatives of 8u and 5n. 
From (40) and (42) we have: 

d^c'lC, u\m= HlElSu]] + HlFldn]] + Hlk^JSn] + LlSu] + Li[5n] 

whence 

FlSu] = HlE[8u]] + Ll8u] 

GlSn] + ^c'u'dn' = HlF[8n]] + Hlk^u'^n] + Li[5n]. 

Denote by H and L the ad joints respectively of H and L. If J? is self adjoint 
and F is the adjoint of F, we must have, by Art. 14: 

FlSn] = ElHlSn]] + I[5n] 
and therefore 

GlSn] = H[ElH[8n]]] + HlLl6n]] + Hlk^Jdn] + Ll8n] - 4>Ju'6n'. 

Hence if G[8n] is to be self adjoint, and thus 5^ an exact differential, it is 
necessary that the expression 

(43) HlZidn]] + Hlk^Jin] + LilSn] - ^Ju'Sn' 
be self adjoint. 

// the expression (43) is self adjoint idenlicaUy, that is, for all curves C and 
quantities ^, u{M) and ^J, the equation (39) is said to he completely integrable. 
With reference to equation (37), we have 

5*c'[C, u I Jlf] = i*«'«*/ - 2u'«{ti'(M)} 

= i*«'«*«' - 2u'(5ti)' - 2ibu'*5n 
since 

5{u(M)}=5^--^-2^-5^ = («i.) +kuSn. 

Hence 

L[5m] = - 2u'(«u)', 

Li[«n] = - 2ifcti'*5n, 
and from the second of these equations it follows that: 

L[8n] = 2ti'5n' -f 2u"an 
so that (43) takes the form 

u'*j8n' + u"*«'«n + iib*«'*an - 2A;u'*an - u'*j6n', 

which is identically self adjoint, since the terms in 5n' annul each other. 
Hence equation (37) is completely integrable. 

The same fact is true of equation (38). 

By a process analogous to that which we have already discussed in Art. 13, 
in describing the generalization of a system of partial differential equations in 
one dependent function to a variational equation in a corresponding functional, 
we may (with L^vy) arrive at equations of the type of (39); only in this 
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case we must separate the independent variables into two sets, xi "•Xn, corre- 
sponding to the argument u, and yr • 'yn, corresponding to the argument C. 
The related system of differential equations will then be the following: 

The conditions of integrability have been deduced for (39) in the same way as 
the more familiar conditions are deduced for (44) ; in fact the condition that 
(43) be self adjoint is merely the analog of the relations 



(45) 






in which pk stands for dz/dxk. 

The equation (39) and its treatment are thus seen to be the result of the 
same significant and fruitful process of generalization which lies at the basis 
of the theory of functionals and the theory of integral equations. 

Fundamental problems for (44) are (a) the determination of a solution which 
for y 1 = yi = • • • — t/n = takes on values which are given analytic func- 
tions of xi'"Xnt and (6) the determination of a solution which when 

Xi = ^i{yi' • -Vn), i = 1, 2, • • •, n, 

takes on the values z = foC^i * ** j/n). Their analogs in the present case are (a) 
the determination of a solution of (39) which for C » Co takes on assigned 
values ^[Co, tt], and (6) the determination of a solution of (39) which reduces 
to assigned values ^[C, v] when u{M) is put equal to some function v{M), 
given on each C (i. e., when u(M) = v[C | 3/]). 

The theory of the second problem, as developed by L6vy, involves the 
solution of implicit functional equations, as treated in our Lecture III, and an 
extension of the concept of characteristic^ as applied to the equations (44). 
This new concept seems to be necessary for any use of these equations in 
applied mathematics. 



LECTURE 11. 

COMPLEX FUNCTIONALS.* 

§ 1. The Rel.\tiox of Isogeneitt 

21. Isogeneity and Complex Vector Fluxes. Our survey of 
the theory of functionals of curves in space, as taken up in 
Lecture I, cannot be complete without a study of the possible 
relations that may hold between them as complex quantities. 
This study serves to generalize some of the basic properties of 
analytic functions. It is not impossible that there should be 
more than one direction of investigation to carry out this purpose; 
the present theory, which is due to Volterra, has as its basb the 
relation of isogeneity, which is the generalization to functionals 
of curves, in space, of the relation which holds between two 
complex point functions on a surface, when one is an analytic 
function of the other. The relation between conjugate functions 
has, however, a different generalization (see Art. 48). In this 
lecture Vol terra's theory is presented in terms of the linear 
vector function, and the analysis thus somewhat simplified. 

Consider the two complex functionals F[C] = Fi[C] + iFi[C] 
and ^[C] = ^i[C] + i^tlC], and make a small continuous vari- 
ation of C in the neighborhood of P, of area aX, of the sort used 
for defining a vector flux. If the ratio of the increments of i 
and F, namely the quantity: 

A^i + tA^2 
AFi + iAFt ' 

*This lecture id baseti upon the follovving references: 

V. ^'olte^nl: ^Sur une generalisation dc la thdorie dee fonctions d'une variable 
imaginaire, Acta Mathvmatica, vol. 12 (1889), pp. 233-286; 
The generalization of analytic functions, Book of the Opening, Rice Insti- 
tute (1917). vol. 3, pp. 1030-1084. 

Poincare, Sur les n^sidus des integrales doubles. Acta Mathematica, >'ol. 9 
(1SS7). pp. 321-384. 

P. Lo\T» ^ur les equations integro-differenticlles d6(inissant des fonctions de 
lignes, Thhts presinties d la Faculti des Sciences de Parte, no. d'ordre 
1436. 
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approaches a limit, as a approaches zero, independent of the 
surface on which the variation takes place, we denote the value 
of this limit by 

^^^ dF " !JS ^Fi + iAF2 ' 

and say that * is isogenous to F. The relation is obviously 
reciprocal; moreover, if two functionals are isogenous to a third 
they are isogenous to each other. The relation of isogeneity may 
be expressed in terms of the vector fluxes of F and *. 

Denote by Vi, F2, Wi and W2 the components of the vector 
fluxes of Fu F2, *i and *« respectively, normal to the curve C at 
the point P. Denote by Wi and Wi" the vector components 
(or their algebraic values, as the context in any particular case 
will determine) of Wi in the directions Vi and V2 respectively; 
similarly for W2. If now we make in the neighborhood of the 
point P two variations of the curve C, of areas ci and 0*2, the 
first containing Vi in its plane of variation, thus contributing 
nothing as an increment of Fi, and the second containing V2 in 
its plane of variation and therefore not changing F2, we obtain 
two expressions for d^/dF, As a necessary condition for isogen- 
eity these must be equal: 

(Wi" + iW2")'dai (Wi' + iW2')'dfT2 



iV2'da'i Vi'da'2 

Wi" + iW2" _ Wi' + iW i' 

"■ \Vi\ 



or 

(2) 

where | Vi \ and | V2 \ denote the absolute values of the respective 
vectors. 

The deduction just given is no longer valid if Vi and V2 happen 
to have the same direction. But in this case Wi and W2 are also 
co-directional and have the same direction as Vi and V2, as we 
see by taking a variation which contains this vector in its plane. 
If, on the other hand, Vi and V2 are equal in magnitude and at 
right angles, equation (2) shows that Wi and W2 will be similarly 
related. In fact, as P. L6vy has pointed out, the equation (2) 
implies that if an ellipse is constructed with conjugate semi- 
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diameters Vi and Fj, Wi and W2 will be conjugate semidiameters 
in an ellipse similar to this and similarly placed. 

22. Summary of the Properties of the Linear Vector Function. For the 
purpose of expressing the condition (2) in convenient form, it is desirable to 
have at hand a few of the important formulae for the manipulation of linear 
vector functions. They are for convenience summarized in this section. 

A vector TF is a linear vector function of a vector V if when V = CiVi -h ciFi, 
where ci and ci are constants, it follows that W = CiTFi + cjTFi. The proper- 
ties of this relation can be briefly and conveniently expressed in terms of the 
Gibbs concept of dyadic. 

A dyadic is the sum of symbolic products of the form 

A = ai0i -h aifii -h • • • -h akfikt 

the nature of the product being defined merely by the fact that when the 
dyadic is combined with a vector p on the right (notation A'p) & new vector p' 
is produced, which is given by the equation 

(3) p' ^ A'p^ OLiifii'p) -\-at{fit'p) -!-••• -h a*08*'p). 

Obviously, according to this equation, the vector p' is a linear vector function 
of the vector p. Two dyadics are said to be equal if they represent the same 
transformation, that is, if when combined rightrhandedly with an arbitrary p 
the same vector p' in both cases is produced. 

Similarly we can define multiplication on the left of a dyadic by a vector, 
and show that the resulting vector is uniquely determined, that is, that two 
equal dyadics produce the same vector by multiplication on the left, although 
of course generally a different vector from that produced by multiplication 
on the right. 

The following properties of dyadics follow immediately from the definition : 

(a) p'-(ii-p) = (p'-ii)-P, 

so that the notation p'*ii 'p has no ambiguity. 

(6) a08 -f 7) = «/8 -f cty, 

(c) K 

Ai = ai'/3i' -f at' fit' + • • • -f ak'fik'y 

At = ai"/3i" -h at" fit" + • • • -f an"fin'\ 

and Ai \a the dyadic such that Ai'p — At*{Ai'p)j then it may be expressed 

in the form 

(4) At = At'Ai = Xiiai"(fii"-anfi/f 

whence it is called the product of ii 1 by ii s. In general At-AiiB not the same 

as Ai'At. 

{d) If iis is the dyadic such that Ai-p = Ai-p + At-p it may be expressed 

in the form 

A, = Zi ai'fii' -h 2, a,"/3/', 

whence it is called the sum of Ai and Af Obviously: 

Ai -h 4i = A2 -f A\, 
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(e) If Ae is the dyadic such that p'Ae ^ A'p, then Ae is called the conjugate 
of A, and we have for it the expression 

(5) • Ac - Zifiiai. 

The vectors in any dyadic may be resolved into components, and the 

resulting products expanded according to the distributive law. If we take 

three unit vectors i, j, k, mutually normal, any dyadic may be expressed in 

the form 

anil + aiiij + auik + atiji -f • • • -f Onkk, 

and represented by the matrix 



(Oil Oil oia \ 
Oil att an j . 
Asi a** a«« / 



Oai Ost du 

The multiplication of dyadics is, as we have seen, equivalent to the succession 
of two linear transformations, and this again is well known to be equivalent 
to the multiplication of the corresponding matrices. In other words, to 
multiply two dyadics Ai and At according to (c) is the same thing as multi- 
plying their respective matrices; the algebra of dyadics is the same as the 
algebra of matrices. 

The familiar fact that the matrix of transformation of the element of 
area is the matrix of cofactors from the matrix of transformation of the lineal 
elements may be expressed by the formula 

(6) (A . Vi) X (A . 7,) = B . (Vi X F,), 

where B is the matrix of cofactors of the elements of A. If further, K is the 
matrix whose cofactors form the elements of A, and if D is its determinant, a 
fundamental theorem of algebra enables us to rewrite the above equation in 

the form 

(6') (A . Vi) X (A . Vt) = DK' (Vi X 7i). 

The matrices (or dyadics) A, B, /C are in fact connected by the following 
simple algebraic relations: 

(6") B = DK, AKc ^ DI, A = DKr' 

Be = D«A-S 

where / is the idemfactor (the dyadic corresponding to the identical trans- 
formation), and A~* is the dyadic reciprocal to A (the inverse transformation). 

Given any three non-coplanar vectors a, /3, y we define a reciprocal system 
Of', /3', y' in order to simplify the expression of certain vector formulae. The 
vector Of' is taken as normal to the two vectors /3, y in direction, and in value 
such that a* Of' = 1. Similarly, /3' and y' are defined so that /3'«a =0, 
/S'-/S = 1, /S'-7 = 0, and 7'-a = 0, y'/S = 0, y'-y = 1. A system of mutu- 
ally normal unit vectors is self reciprocal. 

Consider the resolution of a vector p on the three vectors a, /3, 7. Such 
vector components themselves are linear vector functions of p, and therefore 
the dyadic of transformation in each case will be determined if its action on 
three non-coplanar vectors is known. Let E\y Etj E3 be the three dyadics 
of transformation. We must have for Ei the equations 
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Ei'a == Of Ei'fi >= Of i^i*7 = 0, 

which we obtain by considering its action on a, fi, y themselves. These 
equations are however satisfied by the dyadic Ei — act. Hence the formula: 

(7) El = aa', Et = fifi', El = 77'. 

Moreover, since any vector will be the sum of the three components obtained 
by resolving it in three non-coplanar directions, we have the identity 

(8) p ^{Ei+Et+Ez)'p^ (aa' + fifi' + 77') 'P, 

which is merely another way of saying that the dyadic in parenthesis is the 
idemfactor /. 

23. The Condition of Isogeneity. Let r be the unit vector in 
the direction of the curve C at P, and let a, p, r be the reciprocal 
system to Fi, F2, r. From (7) and (8) we have 

(70 El = Fia, £2 = F2/8, 

(80 Wi = (Fia + F2/8) . Wi, i = 1, 2. 

From (2) we have 

Wi'' Wy! Wi" »V 

•|F2r l^^il' \V2\' |F,|' 
whence 



.F. Fi 

Making use of the fact that Ei • PFi is a vector in the direction of 
Fi, and that therefore its algebraic magnitude is given by the 
formula 

we may rewrite the first of the above equations in the form: 

Wi - —Vi^r '^'1' 

whence, since Ei'Wi is a vector in the direction F2, and with 
reference to the direction of F2 of algebraic magnitude W%"^ 
we get: 

By (7') this reduces at once to the value Ei-Wz = (a-Wi)Vt. 
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Similarly Ei-W2 = — {P'Wi)Vi and therefore by (8') we have 
the equation 

which, in dyadic notation, may be rewritten in the form: 

(9) IFj= - (Fi/8- V2a)'Wi. 

In the same way, or by multiplying both sides of (9) left-handedly 
by the dyadic Vip — F2a, we get the inverse relation 

(90 Wi= (Fi/8- V2y)'W2. 

These are the vector forms of the relation (2). That either (9) 
or (9') hold at a given poirU P and for a given curve C is a necessary 
and sufficient condition that ^[C] and F[C] be isogerums at P for C. 
We have just shown the necessity of the condition. Let us 
now show the suflBciency, by calculating directly the quantity 
d^/dF. If we replace AFi + iAFi by (Vi + iV2)-<T and A*i 
+ iA*2 by {Wi + iW^) -o-, we have, from (9) and (8'), the equa- 
tion 

{Wi + iWi) -(T = (T- (Fi/8 + F27 - iViy + iV^P) • Wu 

of which however the dyadic term factors into two, so that we 
have the expression 

(r-(Fi + ir2)(/8-i7)-W^i, 

which is nothing but the product of the two scalar quantities 
(Fi + iF2) '0- and (/8 — iy) • Wi. We have then the result 

(10) dF^^^^ ^^^ ' ^'' 

which does not involve the manner in which a has been allowed 
to approach zero. 

In terms of W2, instead of Wi, we have the result: 

d^ 

(i(K) dF^'"^^" ^y^ ' ^^2. 

In fact, Wi and W2 are connected by the relations: 

iS-IFi- 7-^F2 = 0, 
(10") 



p'W2+y'Wi = 0. 
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§ 2. The Theory of Isogeneitt for Additive Functionals 

24. The Condition of Isogeneity. We saw in Art. 9 that in 
the case of additive functionals the vector flux could be chosen 
as a vector point function, independent of the curve C, Let us 
assume that Vi, V2, Wi, Wz are so chosen, and find the condi- 
tions on them in order that $ and F shall be isogenous complex 
functionals. 

If we take for C a curve which at P is tangent to the plane of 
Vi and Vi, the components of these two vectors perpendicular 
to the curve will lie on the same line. Hence the components of 
Wi and W2 perpendicular to the curve will, as we saw in Art. 21, 
lie on this same line, and the vectors Wi and W2 themselves 
will lie in the plane of Vi and V2* If we indicate with the sub- 
script X the component of a vector in the direction x, and denote 
the components of the vector product of Vi and Vi by Dx, Dy, 

Dgf i. e., 

Dx = ViyVi, - ViyVu, etc., 

this condition may be written in the form 

DxWix + DyWiy + DJVu = 0, 
(11) 

DJVix + DyWiy + DJVi, = 0, 

or in the equivalent vector form 

(110 [V.ViW,] = [V.ViWi] = 0. 

If now we take a new curve, normal at P to the plane of Vi 
and Viy we may apply the analysis of Art. 23, and we find there- 
fore that Wi and Wi must satisfy the relation (9). The vectors 
a, j8 are now vectors in this common plane of all the vector 
fluxes, and such that a-Fi= 1, a-F2= 0, etc. With this 
understanding, the conditions (9) or (9') with (11) or (11') are 
sufficient, and the formulse (10) and (10') give the value of 
d^ldF. 

25. The Analog of Laplace's Equation. The question arises as 
to how much of the functional *[C], isogenous to -F[C], is arbi- 
trary, when F[C\ is given in advance. It is necessary that the 
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condition of integrability (Lecture I, equation (21')) be satisfied 

for both Wi and W2. If R is a vector point function, a necessary 

and sufficient condition that it be the vector flux of the real or pure 

imaginary part of a functioned *[C], isogenous to F[C], is that it 

satisfy the equations 

[ViVtR] = 0, 

(12) Div iJ = 0, 

Div(Fi7- VtP)'R= 0* 

In fact if we take il as a Wi, the W^ defined by (9) will satisfy 
the condition of integrability and lie in the plane of Vi and 
Fj. Likewise, if we take B as a Wt, the Wi defined by (9') will 
satisfy the condition of integrability and lie in the plane of Vi 
and V2. 

26. A Special Case Connected with the Theory of Laplace's 
Equation. Consider the case when Vi and Fa are unit vectors 
parallel to the X and Y axes, and therefore independent of x, y, z. 
For the sake of conciseness in the resulting formulae, we shall 
take Vi in the negative direction of the F-axis, and V2 in the 
positive direction of the X-axis: 

(13) Vi = (0, ~ 1, 0), V2 = (1, 0, 0). 
We have therefore 

(13') a = (0, - 1, 0), iS = (1, 0, 0), 

and so the equations (12), which Wi must satisfy, become: 

(14) Wi, = 0, 

In fact a-Wi'is — Wi^ and fi-Wiis Wix. 

• The notation Div i? denotes the quantity (dRJdx) + (dRy/dy) + {dR,ldz), 
the divergence of R, 
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The last equation tells us that there is a function Gi{xyz) such 
that dGifdx = Wu and dGi/dy = Wiy. From (140 we have 

In the same way, corresponding to Wt, there is a function 
G%{xyz) which also satisfies Laplace's equation, with respect to 
the variables x, y. 

The relation between G\ and G% is given to \t& by means of the 
relation of isogeneity; in fact, from (9) we have: 

whence 

,^ K/\ ^G^» _ __ ^0^1 ' 5G2 _ dGi 

^ dx " dy ' dy ^ dx * 

which are the Cauchy-Riemann equations in the variables 

X, y. 

We may now calculate explicitly the functional F[C\ and 
^C\. We have: 

where <t is an arbitrary cap of the closed curve C. Hence, 
F = fj'~ cos y, nda + iff cos x,nd<r. 

In this expression the positive direction of the normal is taken 
as the one which stands to positive motion along the curve C in 
the same relation as that in which the z-axis stands to rotation 
from the a;-axis to the ^-axis. Since the direction of positive 
rotation in the orz-plane is from the z-axis to the a;-axis, we 
have: 

F = - ffdzdx + iffdydz= fdz f [dx + idy] 

{9) (a) C (ssoonst.) 

and finally: 

(16)1 FIC]= f{x + iy)dz. 

Jc 

In order to calculate ^[C], we have 
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J J \^ cos a;,n+ ^ cos y,njd<r, 

which by (15') is the same as the equation 

r CidGt dGt dGi 
* = I I j -T- COS x,n 5;^ cos y, n ^;^ cos x, n 



dx ^ "' dy 



,dGi 
+ -3^ cosy. 



which again reduces to the following equation: 

But since each of the interior integrals, z being constant, is a 
curvilinear integral independent of the path, we have 

*= I [G2(xyz) -- iGi(xyz)]dz. 
Jc 

On account of the relations (15'), however, the function 
Gi + iGt for a constant value of z is an analytic function of the 
complex variable x + iy. Hence if we write 

G(x + iy, 2) = — i{Gi{xyz) + iG^ixyz)} 

= G2(xyz) — iGiixyz), 

G{x + iy, z) will be an analytic function of a: + iy, and the most 
general functional isogenous to 



wiUbe 



FlC] = / (^ + iy)dz 



(160 ^[Cl= ( G{x + iy,z)dz. 

Jc 

27. The Analog of Green's Theorem, and Theorems of Deter- 
minateness. Consider two complex functionals $[C] and $'[C], 
both isogenous to the complex functional F[C\, and the differ- 
ential equations 
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(17) kWi = (FiFi + V,V2) • V^i + (F1F2 - F2FO . v<Pt, 

(18) il«^, = - (F1F2 - rjFi) . v^i + (FiFi + V2V,) . Vv'i, 

(19) i»^i' = (FiFi + F.FO-V^i' + (F1F2 - V2V{)>V<P2', 

(20) ilF^' = - (F1F2 - F2F1) . v^i' + (FiFi + F2F2) . V^.', 

which are to be satisfied by certain point functions <pu <Pif (pt, Wf 
as yet undetermined. In these equations Wi, Wt and Wi, W% 
are the vector fluxes of * and *' respectively, V^i denotes the 
vector {dfpildXf d<pi/dy, d(pi/dz), etc., and i is a point function 
^(^2), at present not further specified. 

If we multiply both sides of (17) left-handedly by the dyadic 
— (Fi/8 — Vio), the resulting equation reduces to (18). Simi- 
larly (20) is a consequence of (19). 

If a, p, y are any three vectors, a much used formula in vector 
analysis gives us the equations* 

a X ()8 X 7) = - (/8 X 7) X a 

= a-7/8 — a-j87 = (fiy — 7/3) -a. 

Hence we can rewrite equations (17) to (20) in the form: 

(17') kWi = (FiFi + F2F2) . V^i + V^2 X (Fi X F2), 

(180 kW2 = - V<Pi' X (Fi X F2) + (FiFi + F2F2)-V^', 

etc. 

In connection with the equations (17) to (20) or (17') to (20'), 
we consider a certain scalar invariant H^^^^f defined by the 
equation 

(21) (Fi X F2)ff»,*,. = WiX W2\ 

where the left- and right-hand members represent, of course, in 
virtue of (11) or (11'), collinear vectors. If in this equation we 
substitute for Wi its value as given by (17'), we obtain the 
relation 

HVi X Fa)//*,*,. = (Fi X ir2')(Fi.V^i) 

+ (F2 X Jr2')(F2.V^i) + {V^2 X (Fi X F2)} X IF2'. 

* Gibbs-Wilson, Vector analysis, New York (1901), p. 74. 




PUNCTIONALS AND THEIR APPLICATIONS. 41 

The above quoted vector formula gives us for the last term of 
this equation the equivalent form 

- W2' X {V^2 X (Fi X V2)] = - {W2''{Vi X F2)}V^2 

and in this expression the first term vanishes, since W2' lies in 
the plane of Vi and V2. Moreover from (9) we have 

FiXW= {ViXV2)a'Wi\ 

V2 XW2'= - (V2 X Vi)fi'Wi' - (Fi X V2)fi'Wi', 

since Fi X Fi = and F2 X F2 = 0. Hence our equation 
becomes 

t(Fi X V2)H^,^. = (Fi X F2){(a.PFiO(Fi.V^i) 

+ ()8-W^i')(F2-V^i) + W2''J7<P2], 
or 

kH^^,. = V^i-(Fia + F2)8).PFi' + W-V^2. 

By means of the identity (8'), however, this reduces to the formula 

(22) kH^^. = PFi' . V^i + W2' • V<P2. 

Also, in the same way, eliminating W2' instead of Wi, from 21, 

we have 

(220 *ff *,♦»' = Wi . Vv^i' + W2 • V^2'. 

The function H^^^f, from its definition in (21), is seen to be 
the ratio of the areas of the two parallelograms, one with sides 
Wi and W2^, the other with sides Vi and F2. 

If we take *i' = *i, denoting H^^^^f by G*^, we have the equa- 
tion 

(23) (Fi X F2)e*, = PFi X W2. 

It is not hard to see that the quantity 6^, is essentially positive. 
In fact, from (9) we have 

WiXW2= - (Wi X ViXp'Wi) + {Wi X F2)(a.JFi) 

and this, by means of the identity (8'), becomes 

(Fi X V2Kfi'Wiy + (Fi X F2)(a.PFi)« 
4 
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SO that we have 



e*,= (a-WiY+ip-Wi) 



2 



a quantity that is essentially not negative. 

It is worth while perhaps to rewrite the formulce (22), (22') 
without the use of vectors. They may in fact be written as 
follows: 

Iff _ ur^ /^i . w. '-^-4- W. '^ 






^ ^^ dx ^ ^^"^ dy ^ ^^' dz ' 

If we integrate both sides of these equations over a region 5 
enclosed in a surface a, and perform the suggested integration by 
parts we obtain the formulae {da as a vector having the direction 
of the interior normal) : 

(24) /// kHdS = -ff [<piWi' 'd4T+<p2W,'^ da] 

(25) /// f^dS = -ff [<PiWi . dcr + <p2W2 - dcr]. 

These are the analogs of Green's theorem, for the operator of 
Laplace. 

From these equations, Volterra is able to obtain certain the- 
orems of determinateness analogous to the well-known facts 
about the uniqueness of harmonic functions which take on given 
values along closed curves. He assumes that (17), equivalent 
to two linear partial differential equations of the first order in 
<Pi and <p2f admits solutions, continuous with their first partial 
derivatives, within a given region, when the function k{xyz) 
has been chosen continuously of one sign; this sign without 
loss of generality, being taken as positive. By writing then 




FUNCnONALS AND THEIR APPLICATIONS. 



43 



*i' = *i, in equations (17) to (20), he is able to deduce the 
following theorem. 

Let *[C] = *i[C] + i*2[Cl he isogenous to F[C] = Fi[C] 
+ iFilC], and withmt singidarities within a closed surface <r.* 
Then, if the values of *[C] are known for all the closed curves which 
lie on <r, the functional *[C] will he determined for all the closed 
curves of the region S, enclosed hy a. 

In fact, suppose there were two such functional, and let 
*"[C] be their difference. The quantities Wi^-da and T^'-da 
will vanish at every point of <r. Hence if we apply the equation 
(25) to *"[C], the right-hand member will vanish, and we shall 
have 

Sffms = 0, 

where the integration is carried out over the region S. But 
since k is positive and 6 is nowhere negative, 6 must be identi- 
cally zero. This implies however (provided that Vi and V2 are 
not coUinear) that Wi' and W2' vanish identically, and hence 
$"[C] must vanish identically. 

28. Transformation of the Variables x, y, z. Make a trans- 
formation of coordinates x = x{xyz), y = y{xyz), z = z(xyz), 
whose Jacobian D = d{xyz)/d{xyz) does not vanish; denote 
by K the matrix and dyadic corresponding to D: 

' dx dy dz 
dx dx dx 



(26) 



K = 



dx 
dy 
dx 

Lai 



dy 
dy 
dy 
dz 



dz 
dy 
dz 

dz J 



and by A the matrix of the cofactors of the elements of K, that 
is, the matrix of the quantities d(yz)/d{yz), etc. 

According to (6") we have A = DKr^, and according to (22), 
Lecture I, any vector flux V is transformed by the formula 

(27) V=A'V. 

* The vector Wi is assumed to be continuous within and on the surface <r 
and its components to have continuous partial derivatives of the first order 
at all points inside (r. 
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The relation of isogeneity is preserved by the transformation. In 
fact, coplanar vectors, transformed by any linear vector function, 
remain coplanar; and therefore Wi and W2 are coplanar with 
Vi and Vi. Moreover the condition (9) is satisfied. To see 
this let a and fi be the plane system reciprocal to Vi and Fj. 
We have then _ 

(28) a = aA'-\ fi = p^A'^ 

whence fi'Wi = P-Wi and a«FFi = a*Wi, and therefore, with 
the aid of (27), 

- (FijS- F2a)-W^i=^-{- (FijS- V2a)'Wi = A'W2= W2, 

and the condition of isogeneity is satisfied. This fact may also 
be established by means of P. Levy's geometrical interpretation. 
The quantity H^^f is absolutely invariant of the transformation. 
If we multiply left-handedly both members of (21), which defines 
^♦i*i'> by the dyadic B = DK, the equation reduces by (6') to 
the result: _ _ __ _ 

(Fi X V2)H^^. = WiX W2'. 

But this is the equation which defines H^^,) and therefore 

We may also investigate the covariance of the equations (17) 
to (20). The vector elements of arc in the two spaces, dp and dp\ 
are connected by the relation 

(29) dp = dp-K= Kc'dp. 
Let (p{xyz) be any scalar point function; since 

d^ = ^ip-dp = ^<p'dp, 

it follows from (29) that: 

(29') V<P = V<pKc = K-V^. 

If we apply these results to the equations (17) to (20), we see 
that these equations will remain satisfied in the transformed 
space by the functions <pi, <pi, <p2, ^2', provided that we take 
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An interesting result is connected with the total differential equation 

(31) D,dx + Dydy + D4z « 0, 
or 

We have, 

[d^ViVt] = d^'(Vi X Vt) = Dd^KiVi X F,) = Ddp'(Vi X Vt), 
and therefore, from (29), we have the equation 

(32) WFiV,] . I^j IdpViV.l 

If then the equation (31) is satisfied, it remains satisfied after the trans- 
ormation. Hence if (31) is integrable, it is transformed into an integrable 
equation. 

In this case, that is, if F[C] is such a complex functional that (31) is integ- 
rable, Volterra shows that the equations (17) to (20) can be satisfied in a spe- 
cially simple manner; namely, by taking ^i s ^i ^ 0, and choosing ^s 
and <pi' to satisfy the thus simplified equations, or vice versa, by putting 
^2 EB ^,' e 0. A Iranaformation may then be found which changes FlC] into 
the form discussed in Art, 26. 

29. Functional Integration and Cauchy's Theorem. Let i[C] 
be isogenous to F[C]. This relation may be stated in the form 

(32) W = fV, 

where/ = fi{xyz) + if^ixyz) is some scalar point function. Since 
the divergence of W must vanish, it follows that we must have 

(33) Vf • ^ = 0. 

If the relation (33) is satisfied, the functional F[C\ and the function 
f are said to he isogenous. 

If any functional i' is isogenous to F, it is also isogenous to f, 
for in this case there will be an/' such that W = f'V, whence 

Vf' W = f'vf' F = 0. 

Let us denote by dF/da the vector V = Vi + iV2, and con- 
sider the quantity 

(34) m = fff'£-d<r, 

(C) 

where <r is a cap of the closed curve C, and F[C] and f(xyz) are 
isogenous. Equation (34) really defines a functional of C, as is 
implied by the notation. For this, it is sufl5cient that 
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Div [fdF/d4T] = 0. 
This condition is satisfied since we have 

Div (f^\ = / Div F + Vf-^. 

The notation 

(35) *[C1 = ffdF 

is used by Volterra to denote the integral (34). If the field of 
integration is a closed surface, or a complete surface boundary 
to a region, we have the result: 

(36) ffdF = 0, 

which is a generalization of Cauchy's theorem for functions of a 
single complex variable. 

§3. IsoGENOUs Non-Additive Functionals 

30. The Condition of Isogeneity. The condition of isogeneity for non- 
additive functionals has already been obtained in terms of the vector flux V, 
or rather, in terms of its component normal to the curve. It is desirable to 
express the same condition in terms of the functional derivative vectors, 
which are uniquely determined in terms of the curve and the point where 
the differentiation takes place. 

Denote by RilC \ M], RtlC \ M] the vector derivatives of FilC] and F,[C] 
respectively, and by UilC \ M] and UtlC \ M] the vector derivatives of *i[C] 
and 4>s[C]; so that we have 

(37) R^Ri+ iRi, U ^Ui+ iUt. 

If we denote by t the unit vector in the direction of the curve, and let V 
and W be the normal components of the vector fluxes, we shall, as we saw in 
Lecture I, have the relations 

(38) R ^tXV, U -^tXW, 

Form now the vector product, multiplying t left-handedly on to the equation 

(9); we have 

Ut= - (Rifi - Ria)'Wi. 

Let us denote by /8' a vector perpendicular to t, such that fi — fi' X r and 
by a' a similar vector such that a — a' X t. We have 

fi'Wi = /8' X T-Wi = Ifi'rWi] = fi'-rXWi = /8' • Ui, 
and therefore, treating a • Wi in the same way, 

(39) t/, = - (/2i/J' - Rta') . Ui. 



\ 
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The equation (39) w the condition of isogeneity. The vectors a', /3', t form 
the redfrocal system to the vectors Ri, Rtt t, and a', /8' are given by the formtda 

* a' ^rXa, /5' = r X /3, 

(40) 

a-- a' Xr, /8 = /8' X t. 

In fact, if /S = /S' X T, we have tX/S^tXOJ'Xt) which may be ex- 
pressed in the form t • t/3' — t -/S't (see Art. 27, footnote) . This last expression 
reduces however to /3', since t is normal to /S', and therefore t '/S' = 0. Hence 
r X /S = /8'. Conversely, if t X 13 = fi' it follows that /8 = /8' X t; and 
similar relations may be shown in the same way to hold between a and a'. 

In order to show that a' /8' t is the reciprocal system to Ri Rt t, we must 
show that Ri-a' — 1, Ri-fi^ =0, /?»•«' = 0, Rt-fi' = 1, the other necessary 
relations being obvious. We have /2i • a' = (t X Vi) • (t X fi) and this, by a 
formula in vector analysis,* is (T'T)(yi'fi) — (t-/8)(Fi-t), which is Vi'/S, 
which is 1. Similarly, the other relations are established. Thus the theorem 
is proved. 

The equation (39) may be established geometrically, in the same way as (2) 
was established. 

31. Transformation of the Variables x, y, z. According to equation (23) of 
Lecture I, we have 

(41) , R^K.R% 

where K is the matrix or dyadic K already defined, and ds and ds are corre- 
sponding elements of arc. It follows that the relation of isogeneity is invariant 
of the transformation. In fact, multiplying (39) left-handedly by the dyadic 
Kf we have __ _ _ 

C/j = - (Rifi' - Rta') . Ui, 

If we define the quantities 

they will be reciprocal to Ri and /2j, in the new reciprocal system. Moreover 

80 that a'Ui = a'Ui and^'-I/i = fi'-Ui, and finally: 

17, = - (5^8' - Rj^') . Ui, 

which is the relation of isogeneity in the transformed space. 

32. Functional Integration and Cauchy's Theorem. A real vector func- 
tional RIC I M] can represent the vector derivative of a functional FlC] only 
if certain conditions of integrabUity are satisfied. In case each of the three 
components of RIC \ M] has itself at every point Mi of C a true derivative 
(e. g., SxlC I MMi] is the vector derivative of the a>component of RIC \ M], 
taken at the point Mi), the conditions of integrability are given by Volterra 
as follows:! 

* Gibbs-Wilson, Vector analysis. New York (1901), p. 76. 
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,.o^ i i«C|Afl.r-0. 

^^ I SAC I MMi]'Ti - 0, iSf»[C I AfJIf J.Ti - 0, S,IC \ MMihn = 0, 

where r represents the unit vector m the direction of the curve at M, and n 
the same quantity at Mi; 

(43) SsAC i MMi] = SsAC I If lAf], 

(44) S^,IC i ilf M i] = iSf.,[C i MiM], etc., 

where 5yt represents the 2-component of S^] etc. 

A complex vector functional R '^ Ri + iRt can represent the vector 
derivative of a complex functional F = Fi -f- iP%, only if /^i is the derivative 
of Fi and Rt is the derivative of Ft. In the special case just considered, the 
relations (42), (43), (44) will be satisfied for both real vectors Ri and Rt, if 
they are satisfied for the complex vector Rj and vice versa. 

Let us speak of a scalar functional 8[C | M] as an integrand for a scalar 
functional FlC], if the vector e[C i M]RIC \ Af\ satisfies the conditions of inte- 
grability. In the special case mentioned in the preceding paragraph, the 
equations (42) are automatically satisfied, so the conditions of integrability 
refer merely to (43) and (44). 

If G[C I Af] is an integrand for F(C1, there is a functional ^[C] whose vector 
derivative is e[C i Af]RlC \ M]. In fact: 

(45) *[C] = // G[C i M]RIC im-dc + h, 

where the integration is extended over a cap of C, or over a cap joining a fixed 
curve Co to the variable curve C, and A is an arbitrary constant. 
The equation (45) may be written in the form 

(450 *[C] - *[Co] « // elC I M] ^ • At - f QdF, 

where dF/da denotes RIC \ M], If we define: 

d^ dtr^ 
dF '^dF* 
dc 

where "^[C] and F[C1 are any two isogenous functionals, we shall have d^if/dF 
a scalar functional of C, M, Hence we have the formula 

(46) f^F~fe^d*. 

If 18 an integrand for F, and ^ and F are isogenous, then G(dF/<i*) vnll he 
an integrand for ^. 

The relations (45') i (46) are invariant of a transformation of spaces. For a 
closed surface, which does not contain singularities: 



(47) J edF = 0. 



t Volterra, Rendiconii deUa R, Accademia dei lAncei, vol. Ill (1887), 2e 
semestre, p. 229. 
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§4. Additive Complex Functionals of Hyperspaces 

33. Elementary Functionals. Volterra develops the theory of 
additive complex functionals of which the arguments are r- 
dimensional hyperspaces immersed in an n-space. For r = n 
— 2, the theory is a direct generalization of the theory of com- 
plex functionals of ciu'ves in 3-space; but for r < n — 2 the 
problem of finding a functional isogenous to a given one involves 
solving a system of partial differential equations where there 
are more equations than unknowns. That problem must then 
be replaced by this other: what conditions must be satisfied by 
F[C] in order that 

d*i + td*2 = fidFi + UF2) 

may be the differential of an additive functional of hyperspaces 
*[Sr], with/ a point function? 

This condition is expressed by a certain system of linear partial 
differential equations, of which the coefficients depend on Fy in 
the dependent variable /. These equations may be incom- 
patible, and admit no solution other than a constant. If the 
functional F[Sr] has been chosen however in such a way as to 
make the system completely irUegrable, the functional F[Sr] is 
said to be elementary. Elementary functionals are not the only 
ones which can have functionals related to them isogenously, 
since every functional is isogenous to a constant times itself. 

34. Integrals of Analjrtic Functions of Two Complex Variables. 
The case n = 4, r = 1 is interesting, because it is related to the 
theory of integrals of functions of two complex variables.* Con- 
sider in fact a surface integral : 

(48) _ ffmv]d^dv, 
which is defined as 

(49) ff{(.P + iQ)dxdz + {iP - Q)dxdt 

+ (tP - Q)dydz + (P + iQ)dydt], 

* For a summary of this subject see Osgood: Madison Colloquium, New 
York (1914), p. 136. There are questions of analysis situs which are funda- 
mental. 
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the result obtained by carrying out in formal fashion the multi- 
plication indicated when we put ^ = x + iy, ri = z + it. In 
order to make our intuition clear, we can imagine the two-dimen- 
sional locus as enclosed in a three-dimensional space, and the 
integration as carried out over a surface in that 3-space. Further 
considerations are necessary to determine the sense of the inte- 
gration; these can be arrived at by making precise the rela- 
tions to the enclosing 3-space (Poincar6) or by considering the 
continuity properties of Jacobians relating to ciu'vilinear co- 
ordinates on the surface (Volterra). 

Poincar6 showed that the necessary and suflScient condition 
that the integral (49) be independent of the surface, i. e., depend 
merely upon the closed curve of which it is the cap, is that 
P + iQ be an analytic function of a: + iy and z + it. In this 
case, therefore, the quantities defined by (49) represent additive 
complex functional of ciu'ves in 4-space. Singular surfaces 
(or singular curves as cut from them by the Poincarfe 3-space) 
may be cut or looped by these ciu'ves. 

Any two additive complex Junctionals of the type just defined 
will he isogenous. In fact, if F[C] is one such functional and 
F'[C] another, the condition to be satisfied is: 

dF' , 

jjT = fixyzt), 

in which the function / does not depend upon the manner of 
letting the change <r, given to C, approach zero. But as we see 
from (49), we have always 

dF' _ P' + iQ' 
dF~ P + iQ ' 

It may be deduced in an equally simple manner that F[C] is 
elementary. If in (49) we substitute fP and fQ for P and Q 
respectively, where / = fi(xyzt) + if2{xyzt), it is merely neces- 
sary to write the condition that the new integral be independent 
of the surface. This gives us the relations 
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I {f{P + iQ)\ - I; {fiiP -Q)\ = o, 
ft {f(iP - Q)] + I; {fiP + iQ)] = 0. 

Two of these are of course redundant. On account of the fact 
that P + iQ is analytic in ^ and rj, the other two reduce, upon 
expansion, to the form 

and yield the result that / must be an anal^'tic function of f 
and 17. But since, for their solution, no condition is imposed 
oh F[C], it follows that F[C] is already elementary. 

The theory of isogenous additive functional of curves in 
4-space includes more however than the theory of surface inte- 
grals of analytic functions of two complex variables; for the 
integral (49) contains no terms in dx dy or dz dt. The theory 
thus will provide an extension of these properties to the general 
class of elementary functionals of curves in 4-space. 

In general, for the consideration of r-functionals in n-space, 
we may enclose them in spaces of dimension r + 2; and in the 
(r + 2)-space apply the theory of functionals of curves in 3-space. 
When the functionals are elementary there will be important 
properties (like the generalization of Cauchy's theorem) which 
will be invariant of the (r + 2)-space in which the r-spaces may 
be enclosed. 



LECTURE III. 

IMPLICIT FUNCTIONAL EQUATIONS* 

§ 1. The Method op Successive Approximations 

35. An Introductory Theorem. An implicit functional equa- 
tion which is easily solvable is the following: 

(1) ^{x) = FW{s)\xl 

a 

where, besides depending on the function ip and the variable a:, 
the functional constituting the right-hand member may dei>end 
upon other functions /, ^f, ••• and other variables y, 2, •••, 
appearing parametrically. The equation (1) may be solved 
immediately by the method of successive approximations, and 
in fact serves, with the conditions imposed upon it, rather as a 
convenient formulation of that method than as a theorem of 
explicit value. 

Consider a class L of limited functions ip{x)y which contains 
the limit function of any uniformly convergent sequence of its 
functions <Pn{x). Such a class is for instance the totality of con- 
tinuous functions, in numerical value less than or equal to a given 
constant. 

In regard to the functional F we assume: 

(i) If ip{x) is a function of i, then /'[^|a:] is a function of L. 

(ti) The functional F satisfies a Cauchy-Lipschitz condition: 

*This lecture is based on the following references: 
Volterra, Lemons sur les fonctions de lignes, Paris (1913), chapter 4. 
Hadamard, Legons sur le calcul des variations, Paris (1910), chapter 7, Book II. 
Riesz, Les operations fonctionelles lin^aires, Annalea Scientifiques de VEcoU 

Normale Supirieure, vol. 31 (1914), pp. 9-14. 
Lebesgue, Sur Tint^gralc de Stieltjes et sur les operations fonctionelles lin^aires, 

CompUs Rendusy vol. 150 (1910), pp. 86-88. 
Evans, Some general types of functional equations. Proceedings of the Fifth 

International Congress of Mathematicians, Cambridge (1912), vol. 1, 

pp. 385-396. 

52 
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namely, if ^i and ip% are any two functions of Ly then a constant 
M can be found, Jf < 1, such that the following condition holds: 

h h h b 

(2) max \F[ipi{8) \x] - F[ip%{8) |a:] | < Jf max | ipi{x) - <p2{x) \ , 

a • a a 

h 

where max | fp{x) \ denotes the upper bound of a function <p{x) 

a 

in the range ah. 

Under these conditions, the class L contains one and only one 
solution of equation (1). 

To construct this solution we take ^o> any particular function 
in i, and write 



^n{x) = F[ip,^i\x], n= 1, 2, 3, • • •. 

Then the function 

<p(x) = lim (pn(x) 

is in L, as is seen at once from the uniform convergence of the 
series 

and is a solution of (1), since 

» b b 

max \<p — F[^|a:]|:^ max \<p — ^,^.i|+ max |/'[^»|a:] — /'[^|ic]. 

« a a 

If there were two solutions <p and <p' we should have, by 
equation (2): 

b b 

max \(p — (p'\:S M max | ^ — ^' | , 

a a 

which is a contradiction, since M < 1. 

We have the corollary, that if L contains a continuous func- 
tion, and if F[^|a:] represents a continuous function of x when its 
argument <p{x) represents a continuous function of x, then the 
unique solution of (1) is continuous. 

36. The Case of a Variable Upper Limit. If the functional F[^ | x] de- 
pends upon ^ only for values between a and x, we are able to make use of a 
property of proUmgalion, which, speaking generally, makes less restrictive the 
convergence condition (u) imposed on M in Art. 35. In particular, if F con- 
sists of terms independent of ip plus a term whose variation is of the form 
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s: 



F'Ms) I x'x]hip{x')dx' 

a 

the variation of F due to a change of ^ can be made as small as we please by 
taking x close enough to a. 
Consider then the equation 

(3) v>(x) = FW(B) I x] 

a 

and in connection with it a class V of limited functions <p{x). We shall 
assume that if ipn{x) {ipn being of L') approaches a function ip{x) uniformly in 
an interval XiXt, open or closed, then ip{x) is of L\ It may not be defined 
outside of X\Xt'y we shall assume, however, that we can find another function 
over the rest of a& so that ip{x) as extended by this function will be for the 
whole interval ah a member of U. 

In regard to the functional F we asstmie that a finite number of points 
a =^ ooy aiy at" 'Qk — h can be found so that the following conditions hold: 

(i) If ip(x) is a function of L' in the interval a ^ x < a,>i, and satisfies 
equation (3) in the interval a'^x < Oi, then in the interval a^x < Oi+i 
the quantity F[^ | x] represents a function in L'. 

(ii) If ipi(x) and ipi(x) are functions of L' in the interval a^x < Oi+ij and 

satisfy the equation 

<pi(x) = ipi(x) = F[ipi I x] 

in the interval a < x < a<, then in the interval a < x < a»+i, we have the 
Cauchy-Lipschitz condition: 

(4) max I F[v>i W | x] - F[v>»(«) I x] | < M max | ^i(x) - ipt(x) \ , 

a a a a 

in which M is some constant, less than unity. 

Under these conditions , the doss V contains one and only one solution of (3), 
in the interval a^x <b. The proof of this theorem is the same as that of 
Art. 35. 

We have a true theorem if throughout (t), (it) and the above conclusion 
we change the sign < wherever it occurs, to the sign ^. We can deduce 
directly the corollary of this last theorem, that if U contains a function 
which is continuous a ^ x :^ Oi, and a function which, when ^ is given as 
continuous a^x^cHy extends it continuously through the interval a^x 
^ Oi+iy and if F represents a continuous function of x when its argimaent ^ is a 
continuous function of x, then the unique solution of (3) is continuous through 
the interval a^x^b. 

The theorems of this article and the preceding one serve to establish the 
existence of the solutions of differential equations and integral equations of 
general types, without a restriction of linearity. More general theorems 
than these may easily be obtained, by replacing the functional max by some 

such thing as / | ^i — ^2 1 rfx, or by some more general functional such as the 

norm of A. A. Bennett,* or the modulus of E. H. Moore. f Gain of generality 

* A. A. Bennett, Proceedings of the National Academy of SdenceSy vol. 2 
(1916), pp. 592-598. 

t See Lecture V, General Analysis. 
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usually implies less immediate applicability to special cases, and the above 
theorems are sufficient for the cases which we are to consider. They supplant 
the repetition of the anal3rsis of successive approximations in those cases. 

§ 2. The Linear Functional 

37. Hadamard's Representation. The resolution of an im- 
plicit equation in several variables for the purpose of determining 
one variable as a function of the others depends in the non-special 
case upon the linear relation which holds between the differ- 
entials of the variables involved. Likewise for the study of 
implicit equations in fundionals in general, a study of the linear 
functional is first necessary. It is the purpose of this section 
to show that under very general conditions the restriction of 
linearity implies that the functional can be written explicitly, 
in terms of the limit of an integral, as found by Hadamard; a 
Stieltjes integral, as found by F. Riesz; a Lebesgue integral, as 
rewritten by Lebesgue. Of these form^ the first is slightly more 
general than the others; although here the same hypotheses are 
used for all three. 

We consider a functional 

(5) T[<p(x)] 

a 

o]>erating on any function continuous, a ^ x ^ b, and assume 
that the functional is linear, that is, such that: 

(6) T[ciipi + C2iP2] = ciT[<p,] + C2TM, 

and also that it is continuous in regard to its argument ^, or 
what, on account of the postulate of linearity, evidently amounts 
to the same thing, satisfies a condition of the form : 

(7) \T[<p]\^Mmeix\<p{x)\ 

a 

in which M is some constant.* 

There is no gain in generality in considering complex function- 
al. It may be seen directly that the real and imaginary parts 

* The field of functions to which this representation applies is slightly 
extended by Fr6ch6t, Transactions of the American MaUiemalical, Society ^ 
vol. 5 (1904), p. 493. Conditions of convergence are also investigated. 
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of such complex functionals are real linear functionals satisfying 
similar conditions, and if they are real linear functionals of 
complex arguments, they are also real linear functionals of real 
arguments. 

Hadamard's representation is as follows:* 

Theorem. The linear continiums functional T may be written 
in the form 

(8) T[<p{x)] = lim r <pix)^{x, n)dx, 

where for a given value of ii the function ^(a:, /i) is continuous in x, 
a ^ X ^ b, does not involve <p(x), and depends merely upon the 
form of the operation T» 

To prove this theorem we take the function f 

(9) F{x) = -.=^e-^ 

-Vtt 

and form the integral 

(10) v{x, fi) = ~r^ \ ip{u)e-'''^'""Hu. 

As is well known, if (p{u) is continuous, a ^ x ^b, then v(x, fi) 
is continuous in x throughout the same interval, for every value 
of fi, and for that interval approaches <p(x) uniformly as a limit, 
as fjL becomes infinite. 

Consider now the quantity T[v{x, /i)], and in relation with 
it the quantity 

(11) ^u, m) = r[-^6--^— >•] = T[ixFy(u - X)}], 

the functional operation still having reference to its argument 
as a function of a:, the variable u being a parameter. 
We have 

Z ^(w.)*(w.-, m) Aw = r Z <p{Ui) -^ e-'^'^^'-'^Au 1 

* Sur les opdrations fonctionelles, Compies Rendus des Sciences, vol. 136 
(1903), pp. 351-354. 

t Instead of this particular function, which is also used in connection with 
the equation for the flow of heat, other functions may be taken for F(x), The 
conditions that F(x) must satisfy are given in the citation from Hadamard. 



FUNCnONALS AND THEIR APPLICATIONS. 57 

from the linearity property (6) . Moreover as n becomes infinite^ 
the sum in the right-hand member of this last equation becomes 
an integral, and approaches that integral uniformly for aU values 
of X. Hence from the continuity property of T it follows that: 

J ^(ti)*(ti, ii)du = ^ I -4- J ^(w)«""''*^""'^dt^ 

= T[v{x, m)]. 
But since v{x, y) approaches ip{x) uniformly, this gives us 

(12) T[ip{x)] = lim I ^(w)*(w, ix)du, 

a /yiaBOO «/a 

where ^(t^, y) depends merely on the form of T and does not 
involve (p. 
In particular, if we take for ip{x) the-fimction 

we get an identity which is satisfied by the function *(t^, ii'), 
namely 

(120 ^{u, mO = lim ^ r e-'*'*^— >^(x, ii)dx, 

f&soB 'Sir J a 

which may also be written in the form 

= lim ^ I e-'''^<«-'^(«, ii)dx. 

38. The Stieltjes Integral. The theory of the Stieltjes inte- 
gral is based upon the properties ol functions of finite variation; 
i. e., functions a{x) such that if we divide up the given interval 
ab by points xq^ (^9X1, • • •, Xn, Xn^i = 6, arbitrarily spaced, the 
sum 

(13) Z I a(x^i) - a(Xi) \ 

for the given function a{x) remains finite, irrespective of the 
5 
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value of n. A function of finite variation may be written as the 
difference of two non-decreasing functions 

(130 €t(x) = p(x) - n{x), 

in which, for definiteness, we write p(o) = a(a). If p(x) and 
n{x) are, for each value of x, the least possible functions so de- 
finable, the function 

(14) t{x) = p(x) - p{a) + n(x) 

is called the total variation of a{x), and is the upper limit of the 
sum (13) formed for the interval ax, instead of the interval ab. 

We may if we like in (13') replace the two non-decreasing 
functions by functions which actually increase without remaining 
constant in any interval, although for these functions the equa- 
tion (14) will no longer hold. 

On accoimt of (13') it is inmiediately seen that the discon- 
tinuities which a function of finite variation may have are 
limited in nature. In fact if x' is a point of discontinuity of 
a(x), both of the limits a{x' + 0) and a(x' — 0) must exist if x' 
is an interior point of the interval, and one of them, if x' is an 
end point of the interval. Moreover, the number of these so- 
called discontinuities of the first kind is restricted; they must be 
denumerable, though not necessarily countable in some preas- 
signed order, say from left to right. 

The number of intervals through which a function may re- 
main constant is restricted in the same way. 

By means of a function <p{x) which is continuous, and a func- 
tion a(x) which is of finite variation, in the interval a ^ x :sb, 
form the expression 

(15) i:W){«(^i)-a(^i-i)}, 

1 

where the points Xi are the same as before, and the points ^,- are 
arbitrary also except for the restrictions Xi^i < f » < Xi. The 
expression (15) approaches a limit as n becomes infinite, and 
the maximum sub-interval approaches zero; this limit is called 
the Stidtjes integral and written 
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r 



(150 I ^(x)da(x)' 

The importance of this integral depends upon the ease with 
which it may be handled, and the directness of its geometric 
interpretation. 

It is not difficult to obtain a measure of convergence of the 
integral. If \l/(x) is a function such that \<p{x) \ ^ ^(a;), and if 
p(x) is a non-decreasing function, we have obviously: 

ip(x)dp(x)\:s 1 \<p(x)\dp{x) :^ I }P(x)dp(x). 
Also, 

<p(x)da(x) — ^i<p{ii)[a{Xi) — a(a:v-i)} 

1 

|»+i r /»«i 



— I fp(x)dn{x) — <p(^r){n(Xi) — n{xi^i)} 

Jxux 



and by the above inequality, this expression is 

n+l 

— w« l^.{p(a^.) — P(Xi^i) + n{x,) — n(a:»-i)}. 



where S is the maximum length of any sub-interval, and (o^ is 
the maximum oscillation of (p{x) in any sub-interval. Hence 
we have the inequality 



— Wi<(6), 



<p(x)da{x) — ^Mii){a(Xi) — a(a:i-i)} 

1 

in which t{x) represents the total variation of a(x), as a measure of 
the convergence of the sum (15) to the integral (15'). 

39. Res^ular and Irres^ular Parts of the Stieltjes Integral. Consider the 
integral 

£ ^{x)dR(x), 
in which /JCx) is an absolutely continuous function of x. We may write 

R{x) - R{a) = f^r(x)dx, 
where r{x) is the derivative of R(x) and is summable. 
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Under these condilians we have the equation 

(17) £ v(x)dR{x) = X* ^lz)r{x)dx 

the integral in the right-hand member being taken in the sense of Lebesgue, 

To prove this theorem, we make use of the definition of a Stieltjes integral, 
and write: 

/ ^(x)d r r(x)dx - lim S M^t) f^ r{x)dx = lim f ^{x)r{x)dx, 

where ipn{x) = ♦^C^), Xi^i "^x < x,-, and where therefore lim»st» ^(x) =- viz) 
uniformly. We now introduce the theorem:* 

If the sequence of summable functions {fn{x)} converges as n becomes 
infinite to a function f{x), and there is a positive summ^le function ^(x) 
which is at least as great as each |/it(x) |, then f{x) will itself be sunmiabley 
and we shall have the equation: 

J^f{x)dx ^^^J^U{x)dx. 

We take 

Jn{x) = iPn{x)r{x), f(x) = <p(x)r(x) 

and notice the inequality 

|/n(x)|<mlx|^(x)||r(x)|, 

a 

in which the right-hand member denotes a sxmmiable function. Hence we 
have the equation 

lim J^ vn(x)r(x)dx = jj v{x)r{x)dx, 



MBOO 



and the theorem is proved. 

Fr6chdt has given a representation of the integral (15'}y in the general 
case, in terms of a series of discrete terms involving the function ^(x) at special 
points, a Lebesgue integral, and a particular Stieltjes integral involving a 
function which has a vanishing derivative except at points of a set of measure 
zero.f The representation is as follows: 

Theobem. We have 

(18) r ^(x)da(x) = s AMxn) + r ^(xmx)dx + r ^wdx^, 

where An is the jump of a{x) at the point of discontinuity Xn, fi(x)isthe derivative 
of the function a{x) — ai(x), ai(x) being given by the definition: 

ai(x) = S {a(Xn) - a(Xn - 0)} + S {a(x« + 0) - a(x«)}, 

a < X ^ 6, 

ai(o) = 0, 

* De la Vall^e-Poussin, Transactions of the American Mathematical Society, 
vol. 16 (1915), p. 447. 

t Fr^ch^t, Comptes rendus du Congrhs des Sociitis SavarUes tenu d Grenoble 
(1913), also Transactions of the American Mathematical Society, vol. 15 (1914), 
p. 152. 
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and \(x) equah a{x) — ai{z) — J fi{x)dZf a canUmums Junction of finite vari- 
ation which has a null derivative everywhere except at the paints of a set of measure 
zero. 

It may be seen without difficulty that the representation is essentially 
unique. 

In this theorem, the function ai(x) is called the function of discontinuities. 
Its discontinuities are precisely the quantities 

An « a{Xn + 0) - a{Xn - 0) 

and its contribution to the Stieltjes integral constitutes, as may be briefly 
verified, the first term of the expansion (18). The summation is understood 
to extend over all the discontinuities Xn indicated, even though these values 
of X may not be denumerable in the usual order. For a; = a no values Xn are 
included in either summation, and the definition of ai(a) is therefore necessary. 

40. Representation of a Linear Functional by a Stieltjes 
Integral. We may now state the representation given by F. 
Riesz: 

Theorem. The linear continuous functional T[fp] may he 
written in the form: 

(19) r[^(i)l= r<p(x)Mx), 

where a(x) is a function of finite variation, depending upon the 
form of T, but independent of <p(x). 

In order to build up the integral (19) it is desirable to extend 
the field of fimctions to which the operation T applies. We con- 
sider a set of continuous functions lfn(x)}, such that for every 
value oi X in ab we have 

/i(:c)</2(:r)</.(a:)..., 

and such that for every value of x in ab the quantity 

(p(x) = lim/n(a:) 



n=ao 



exists. We can show immediately from (7), by considering the 
absolute convergence of the series 

T[fi] + (T[f,] - n/ii) + mf»] - nu]) + . . ., 

that lim T[f,^ exists, and we define 
(20) " * TW] = lim T[fn]. 



»=ao 
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It is necessary to show that this limit is independent of the choice 
of the sequence of functions /n which approach ^. 

Let the functions /n and Qn form two such sequences, and 
consider with them the sequences fn = fn-^ 1/n and gn = Qn 
— 1/n. We have, since /n — /n+i and Qn — gn+i, the inequalities 
/n < /fi+i, Qn < ^n+i, aud also, as follows by an obvious calcu- 
lation: 

lim T[Jn] = lim H/J, lim T[gn] = lim T[gnl. 

n=ao nsoo nsao nssoo 

Given /m we can take n great enough so that gn > fm' In fact, 
since fm and gn are continuous functions of x, the values of x for 
which ^n — /m form a closed set En, and En' is included in En 
if n' > 71. Hence if we cannot find n great enough so that there 
are no points in En, there will be a point Xq such that* 

lim^n(a;o) — /m(a:o), 



11=: 00 



which is a contradiction, since /m (a:©) < <p{xo). 

We can then form a sequence of functions Jmi(x) < gmiix) 
< /mjC^) < OtniM' • •> approaching ^(ar) as a limit. If we form 
the functional T for this sequence, it will approach a limit which 
cannot be different from lim T[fn] or lim T[gn] and will there- 

n=ao nsoo 

fore be the functional T[(p] already defined. 
The functional T is linear in these functions, i. e., 

T[Ci<pi + C2<P2] = Ci T[<pi] + C2 T[<P2] 

if Ci and C2 are restricted to positive constants. In order to make 
T completely distributive we need to define 

(21) T[ipi - <p2] = T[<pi] - TM, 

a definition whose uniqueness is directly verifiable. We should 
however prove also the inequality (7) : ' 

b 
I T[<pi — ^2] I ~ 3f max I ^1 — ^2 1 . 

a 

* If we have a sequence of point sets, each contained in the preceding, and 
none of them a null set, then there will be a point common to all of them, 
provided they are all closed sets. 
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Let US denote max | ^i — ^2 1 by G, and let fn and Qn be two 
sequences which have as limits <pi and <p2 respectively. Define a 
new function hn as follows: 

*n(a:) = fn{x) wherever \fn(x) — gn{x) \ < G, 

(22) hn(x) = gn{x) + G wherever U" gn> G, 
fin(x) = gn(x) — G wherever gn—fn> G. 

By this definition we have, as may be directly verified, 

hn^i{x) > hn(x) 
and also 

Km hn{x) = <pi(x). 



nssao 



We have however by the definition (21) : 

I T[<p, -<P2]\= lim I T[fn] - T[gn] 

n=:ao 

= ]im\T[hn-gn]\ 

which by (22) is < MG. 

Our field as now extended is such that if ^1, • • • , <Pk belong to 
it, any linear combination of them will belong to it, and will 
satisfy the inequality (7). With this, we are in a position to 
construct the Stieltjes integral. 

The function which is unity in the sub-interval c < x < h, 
and zero otherwise, is the limit of a sequence of continuous 
functions /n(a:), increasing with n. Hence the function 

/cd = 1, c < X ^ d (c > a), 
(23) 

= 0, otherwise, 

is the difference of two such functions, and therefore a member 
of the field of definition of the functional T. The function which 
we denote hy fad and define as: 

fad = '^, a ^ X ^ d, 
(230 

= 0, otherwise, 

is the limit of a decreasing sequence, and is also of the field of T. 
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The function a{x) defined by the equations 

a(a) = 0, 
(24) 

ol{x) = r[/„], x^a, 

is a fimction of limited variation; for, from the equation 

I^Mxi) - a{x^^)\ = Z |r[/,«,j| 

and the inequality (7), it follows that 

iH-l 

2» I ot{xi) — a{Xi^i) I ^ ilf . 

In order to form T[(p{x)\ we build up the continuous function 
<p{x) out of the functions /ed> and define 

iH-l 
1 

which is a member of the field of T, and approaches ^(2;) uni- 
formly as n becomes infinite, for a ^ a; ^ 6. Hence 

TW{x)] = Im TWn{x)]. 
But *"" 

1 

and therefore, from the definition of a Stieltjes integral, we get 
(19). 

41. Representatioii of T[ip\ as a Lebesgue Integral. Not only is it possible 
to split up the Stieltjes integral into three parts, of which the middle term is 
a Lebesgue integral of simple form, but also, as Lebesgue himself has shown, 
the Stieltjes integral can as a whole be replaced by a single Lebesgue integral^ 
thus getting an essentially new representation of the linear functional. Al- 
though the representation loses in directness, it gains in the extension of the 
field of functions to which it may be applied. 

In order to make this transformation it is necessary to make a change of 
independent variable which will smooth out the discontinuities in a{z)f 
leaving it everywhere the integral of its derivative fimction. And in removing 
the discontinuities, gaps are created which it is necessary to fill by more or 
less artificial definitions of the functions involved in the integrand. 

Following Lebesgue we make the transformation 
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where t(x) is the total variation function of a(jz). In order to make the 
inverse of this function single valued, we must make a special definition of 
x(0 in the intervals where a(x), and therefore t(x)f is constant. If t{x) has 
the value to in an interval Zm, we take as x(tc), only one of the values in Zm, 
say I, the least value. We thus make ^(x(0) discontinuous at a denumerable 
infinity of points. 

U t(x) ia discontinuous for a certain value of x, say x » Xn, x{t) will not be 
defined in the interval {t(xn — 0), t(xn + 0)} except for the value Hxn). 
Throughout the whole of this interval we write 

X{t) = Xn 

and define a(x(0) as a linear function of t in the partial intervals 

{t(Xn - 0), t(Xn)}, {t(Xn), nXn + 0)}, 

thus obtaining a continuous function 7(0 of t, for which 

(25) £ ^(x)da(x) - f^^'^ ^(x{t))dy{l\ 

as a direct inspection of the limiting sums will show.* 

The function y{t) is still a function of limited variation, and possesses 
therefore a finite derivative 9(0i except at the points of a set of zero measure, 
integrable in the Lebesgue sense, considered at the points where it is finite. 
Moreover the total variation of 7(0 in an interval is t itself, and therefore 
7(0 is an absolutely continuous function of t. Hence it is itself the integral 
of ^(0, 

j^' e(t)dt - 7(0, 

and an application of the first theorem of Art. 39 yields the result 

(26) j^*^ ^(x(l))dy(t) - j^^ ^(x{t))e{t)dt. 

The function B(t) takes on merely the values -f 1 and — 1. 
We have then Lebesgue's result: 
Theorem. The linear contintuma functional TM may he wrilien in the form 

(27) TMx)] = X*^*^ ^(x(l))e{l)di, 

where x(0 and 0{l) are functions depending only on the form of Ty hiU independent 
of the argument <p. The function 0{t) takes on merely the values -f 1 and — 1, 
and x(0 is a nonrdecreasing, hut not necessarily continuous function of t. 

The transformation, just described, may be carried through in various ways, 
such as by writing a{x) as the difference of two non-decreasing functions. 
More general transformations of this kind exist which have no special reference 

* This involves, on account of the discontinuities of ^(x(0), a slight, but 
obvious extension of the definition of the Stieltjes integral, 7(0 being con- 
tinuous. 
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to a function of finite variation, but deal with the parametric representation 
of a continuous cvu^e.* 

In this respect, the present case corresponds to that where the curve is 
rectifiable. 

The equation (27) provides for a further generalization of the linear opera- 
tion T. We have already seen, in F. Riesz's representation, that if the func- 
tional T applies to all continuous functions it also applies to certain discon- 
tinuous functions which can be built up from the limits of increasing sequences 
of functions. Lebesgue notices that the right-hand member of (27) is defined 
and distributive when ip is any limited summable function, providing thus 
an extension of the field of definition of T[ip]\ moreover that the representation 
has the property: 

lim r ip.{x{t))e{t)dt = C ip{x{t))${t)dt 

if the functions ipn{x) are summable and limited in their set, and 

ip{x) = lim <p«(x). 

The equation (27) may therefore be used to provide an extension of the 
definition of the Stieltjes integral to the case where the integrand ^(x) is 
limited and simunable, an extension which however departs from the geometric 
interpretation, t 

Direct extensions of the field and the anal3rsis of the Stieltjes integral have 
been given by Radon, Wiener SiUungsherichie, vol. 122 (1913), pp. 1295-1438, 
and by Daniell, BtUletin of the American Mathematical Society, vol. 23 (1917), 
p. 211. 

§ 3. The Linear Functional for Restricted Fields 

42. Continuity of Order k. In general, the more limited the 
field of the functional T[<p]f the more unrestricted may be the 
character of the operation T itself; and vice versa. We may, 
for instance, expect to find functional which apply only to 
analytic functions. On the other hand, functionals which apply 
to a certain field may by definition, as we have already seen, 
sometimes be extended to more general fields. 

We say that a functional ^[<p] has continuity of order Ar, if, 
when the argument (p is continuous with its first k derivatives, 

* Jackson, BtUletin of the American Mathematiccd Society, vol. 24 (1917), p. 
77; see also Fr^ch^t, Th^, Note 1, Rendiconti del Circolo McUemaiioo di 
Palermo, vol. 22 (1906), pp. 1-74. 

t Integrals somewhat analogous in form to the Stieltjes integral have been 
treated by Hellinger, Dissertation, Gottingen (1907), Habilitationschrift, 
Journal fur McUhemalik, vol. 136; H. Hahn, Monaishefte der Mathematik und 
Physik, vol. 23 (1912), p. 161. 
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the increment of ^[<p] can be made to approach zero, by making 
the increment of <p together with its first k derivatives approach 
zero uniformly and simultaneously; that is, we can make 



by taking 

The usual continuity is of order zero, and the forms of T[<p] 
already obtained are deduced by processes valid only under this 
hypothesis. 

A brief examination suffices to show that we cannot extend 
functional which have continuity merely of order k, by definition 
over other fields so that they have continuity of order less than k; 
thus if T[y] = dy/dx, T[y] will become infinite with dy/dx, and 
therefore cannot be applied to functionals which are merely the 
uniform limits of functions continuous with continuous first 
derivatives. The functionals used so extensively in Lecture I 
are not in general special cases of those treated in § 2. 

43. The Linear Functional^ Continuous of Order k. An ex- 
plicit formula for a functional which has continuity merely of 
order k has been given lately by Fischer.* He points out that 
if <p(x) is of class k it can be written in the form 

dxi j dx2*-- I fp^^Kxk)dxk 






and if H^] is linear it will consequently have the form: 
(29) T\v\ = n[,.(»' (a:)] + Z ^— TH ^I^^ " «)'"*]' 

a a 1 l*C "■ *; 1 a 

where 'the functional 

* Fischer, BuUeiin of the American Mathematical Society j vol. 23 (1916), 
pp. 88-90. An extension to functionals of surfaces is also given. 
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• 

is linear and continuous of the zeroth order in its argument 

ft 
^^*naj), and the T[(x — o)*"*], i = 1, 2, •••, are certain con- 

a 

stants. Conversely, any functional of the form 

(30) n[^<*>(x)] + J: Ai^p^^Ha) = T[<p{x)] 

1 a 

where Tk has continuity of order zero in its argument, and the Ai 
are arbitrary constants, has continuity of order k. There is 
however no reason for preferring the point a over the point b or 
ovep any interior point. 

A more natural form, obviously redundant, but possibly useful, 
is the following: 

(31) TMx)] = t. TiW^Hx)]. 

, a isO a 

in which each of the functionals Ti[<p^^{x)] has continuity of 
order zero. 

An interesting form is also obtained by consideration of 
Hadamard's representation. By a proper choice of ^{x, fi) ' 
various particular fimctionals may be obtained with continuity 
of assigned order — for instance the representation of <p^^^(x). 
The functional represented depends upon the manner of con- 
vergence of the integral to its limit as /i becomes infinite, and 
what conditions must be imposed on (p{x) to insure that con- 
vergence. It is therefore desirable to remove, if possible, the 
condition of continuity of order zero, which was used in the 
deduction of (8). 

If T[<p] has continuity merely of order k, it may be written as: 

(32) T[<p(x)] = lim f fp{x)P(x, n)dx, 

where <p{x) is extended continuously with its first k derivatives 
beyond the interval ab to the interval {a — c, 6 + c}, € feeing a 
quantity arbitrarily small, and positive. For P{u, n) we may 
take the function 



^(M,n)= rf^c-'^'^"-')'! 
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of Hadamard, and show that v{x, n) approaches <p{x) with its 
first k derivatives, as n becomes infinite, uniformly for x in ab, 
or we can take such a function as 

P{u,n)^y^ T[{l-{u-xfn 
\7r o 

and make use of the familiar theorems for polynomial approxi- 
mation.* 

§4. Volterra's Theorem por Implicit Functional 

Equations 

44. The Differential of a Functional. Form the expression 

(33) AF = F[^ + Ain - F[ipl 

where the functional F[(p] is continuous in its argument (p{x). 
According to Fr6ch6t,t the differential of F for a given ^ is a 
linear fimctional T[^(p] of the arbitrary continuous increment A^ 
of <Pf such that the inequality 

(34) \^F - r[A^] I < € max | A^ | 

a 

is satisfied. The quantity e in (34) is assumed to approach zero 
¥dth max | A^ | . 

If for a given function (p no linear functional r[A^] can be 
found to satisfy (34), F[fp\ does not have a differential for the 
function <p. From (34) and the linearity of T, it follows that T 
must be a continuous functional of its argument A^. Hence 
r[A^] must be expressible in terms of the formulae developed 
in § 2.t We shall consider in what follows only particular cases 
of those general expressions. 

• De la Vall^e-Poussin, Trait6 d'analyse infinitdsimale, vol. II, Paris (1912), 
p. 132. 

t Transactions of the American Mathematical Society ^ vol. 15 (1914), p. 
139. 

X If F[ip\ has continuity merely of order fc, we restrict A^ to functions which 
approach zero uniformly, together with their first k derivatives. It follows 
that the linear functional T[^ip] has continuity of order A;, and it will therefore 
be expressible according to the formuke of § 3. 
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45. Volterra's Theorem. Volterra considers the functional 
equation 

(35) H[<p(s), f{l)\x] = 0, 

a a 

in which the left-hand member is continuous in its three argu- 
ments, namely, the functions <p and ^ and the parameter x; 
the equation is assumed to be satisfied by the function fp{x) = 0, 
when f(x) is itself put identically equal to zero, and the problem 
is to determine <p{x) in terms of /(a:) in the functional neighbor- 
hood of / = 0, ^ = 0, that is, in the neighborhood |/(a:) | < N, 
I <p(x) \< N, N small enough. 

To take the definite case considered by Volterra, let the difiFer- 
ential of H due to a change of tp alone be given by the special 
formula 

(36) d^II = A^(x) - r H^[<p{l)J(l) \x, x']Aip{x')dx\ 
where 

(37) I A^H -d^H\<€ mix | A<p{x) \ , 

a 

and H^[<p,f\x, x'] is limited and continuous with respect to its 
four arguments; and let (36) take on the form 



(38) 



d^H = A<p{x) - j G{xx')A(p{x')dx', 



when / and <p are made to vanish identically. 

Theorem. In the given neighborhood for (p andf, and the given 
interval for x, let H[<p,f\x] have a differential of form (36) where 

(i) the qtiantiiy € in (37) approaches zero with max | (p{x) \ uni- 
formly for all functions <p, f and all values x in the domain conr 
sidered, and 

{ii) the Fredholm determinant of the kernel G{xx') in (38) is 
unequal to zero,* 

Then there is a neighborhood off = 0, ^ = 0, namsly, { |/| — N\ 
\(p\ < iV'}, N' some value ^ N, in which (35) ha^ one and ordy 
one solution (p(x) for a given continuous function f(x). 

The proof of this theorem is not difficult. Write (35) in the 
form 

* That is, unity is not a characteristic value for the kernel G(x, x'). 




FUNCTIONALS AND THEIR APPLICATIONS. 71 

^(a;)- r G(xx')ip(x')dx' 
(39) ^' ^ 

= vix) - I Gixx'Mx')dx' - H[<p.f\x] 

and denote the right-hand member by 0[(p,f\x]. The diflfer- 
ential of 6, 

(390 d*e[v?,/k]= - / {G(xx') ^ H^[<pJ\xx']}A<p(x')dx', 

• 'a 

may be written for brevity in the form 



r 



RWJ\xx']£i(p{x')dx', 



and satisfies the inequality 

|A^e - d^e| < € max |A^(a:) |, 

a 

where the € is the € of (37). 

Equation (39) may be taken as an integral equation in (p{x)^ 
the right-hand member being regarded for the moment as a 
known function of x. It yields then the result 

(40) ^{x) = iWJ\x] 

where 

(400 ^W.S\x] = Qyj\x] - £nxx')QW,S\x']dx', 

and T{xx') is the kernel resolvent for G(xx'). Moreover, we can 
deduce (39) from (40) by the resolution of the inverse integral 
equation, so that (39) and (40) are fully equivalent. Equation 

(40) is however of the form of (1) Art. 1, and satisfies the condi- 
tions there imposed. 

We have in fact for d^* the formula 

d^* = r d:t'A(p(x') {R[<p, f\xx'] 

(41) -^^ ^ 

-J T(x,x")R[(p,f\x''x']dx"] 

and for A^4» the inequality 

|A^* - d^^\ < € max \A(p{x) \ {1 + f \T(xx') \dx'], 
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since * is itself linear in 9. This yields the inequality 

(410 I A^* - d^* I < 77 max | ^ip{x) \ , 

a 

where ri approaches zero with max |A^(a:)|, uniformly for all 
functions (p, f and all values x in the domain considered. 

The functional RWyS\^^'] can be made uniformly as small as 
we please by restricting tp and / to a neighborhood (say < M') 
small enough; and therefore by taking a proper value of M\ the 
restriction 

Rws\^']\ + f \nxx")RwsW'x']\dx' < ^^ 

will hold, where r is given arbitrarily in advance, and this, with 
the aid of (41) and (41'), yields the inequality 

(42) A^* < (r + ^) max | A^(a:) | . 

a 

Let M" be small enough so that if max | A^ | ^ 3f ", ri will be 
less than i, let M' be small enough so that r < i, and take N" 
as the smaller of the two numbers Jf', M"I2 (so that if |^i| 
and 1^2! are < N", their diflference may be less than M"). 

For a given function /(x), the class L of the theorem of Art. 1 
is defined as the totality of continuous functions <p{x) for which 

(42'0 |v?(x)-*[0,/|a:]|<i\r^ 

In virtue of (42), since r + 77 < 1, both (i) and (ii) of Art. 1 will 
be satisfied, and there will be one and only one continuous func- 
tion <p{x) which for a given /(a:) satisfies the equation (35). 

If we introduce iV', taking iV' < iV'72, the neighborhood 
specified in the enunciation of Volterra's theorem will be such 
that (42") is satisfied, and the theorem will be proved. 

This is not of course the only possible theorem on the solution 
of implicit functional equations. More general theorems may 
be obtained, and other particular theorems also, depending upon 
what form we assume for the quantity d^H in (36), and what 
the solution of the resulting linear integral equation may be.* 

* Certain forms of these linear equations are considered in Lecture V. 




LECTURE IV 

INTEGRO-DIFFERENTIAL EQUATIONS OF THE bCCHER TYPE* 

§ 1. The Generauzation of Laplace's Equation 

46. Hypothetical Experiments as a Basis of Physics. It is re- 
garded as experimental knowledge that in a dielectric the field 
of force due to electric charges^ distributed arbitrarily, is con- 
servative; and also that the total electric induction over a closed 
surface in a dielectric is 4ir multiplied into the charge of electricity 
inside the surface. In what sense are these laws experimental? 
Obviously no experiment has ever yet been performed in which 
the total work was null; and no measurements upon total 
induction could be taken with such accuracy as to fix the multi- 
plicative factor absolutely as 4lt, or even to show that it was 
constant. 

And yet these laws are not entirely the results of more general 
laws of nature, nor are they implied wholly in definitions of such 
things as " charge," " dielectric," etc. It was only after Cou- 
lomb had made his direct (and inaccurate) experiments that he 
was able to state the proposition: that two point charges m 
and m' repel each other with a force mm'/t^. At least in some 
way therefore, although there are no such things as point charges. 
Coulomb's law is an experimental law. 

The characteristic terms of physics — point charges, electric 
density, dielectrics, conductors, — are as ideal as the points, lines, 
and numbers of pure mathematics. The basic laws of any branch 
of physics are stated as hypothetical experiments carried out 
upon these ideal elements; e. g., '* if two point charges are at 

*Thi8 lecture is based on the following references: 
M. B6cher, On harmonic functions in two dimensions, Proceedings of the Ameri- 
can Academy of Science^ vol. 41 (1905-06). 
G. C. Evans, On the reduction of integro-differential equations, Transactions 
of the American Mathematical Society^ vol. 15 (1914), pp. 477-496; 
Sul calcolo della funzione di Green, RendicorUi delta R. Accademia dei 
lAnceiy vol. 22 (1913), first semester, pp. 855-860. 
C. W. Oseen; cf. p. 136, note. 
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distance r and have masses of electricity m and m', they will 
repel each other with a force mm'/t^." The characteristic ele- 
ments are suggested by approximately invariant processes in 
phenomena, and the postulates which frame the hypothetical 
experiments are arrived at by a process of successive approxima- 
tion in the carrying out of actual experiments: " If charges of 
masses m and m' are concentrated on smaller and smaller pith 
balls, the force of repulsion can be made as near mm'/t^ as the 
accuracy of measurement will allow." This is the same sort of 
experimentation which justifies the postulate of parallels, and 
distinguishes between Euclidean and Non-eudidean spaces, as 
far at least as this distinction, even in actual space, is not a 
matter of the definition of characteristic elements. 

In order to make satisfactory any branch of theoretical physics, 
the basic elements should be chosen, and hypothetical exi>eri- 
ments given in scope sufficient to determine completely the 
properties of those elements. The results of these experiments, 
stated as postulates, should be sufficient to develop, by their 
logical combination, all the details of the subject. In other 
words, in the mathematical treaiynent of the subject there should be 
no new elements introduced, or new properties made use of. 

In some cases, this general proposition suggests an immediate 
modification of the existing theory. To take an example, in 
the theory of electricity, the potential and its first derivatives 
correspond to possible physical elements, namely, work and 
force; also certain differential parameters of the second order, 
such as the Laplacian of the potential, have physical interpre- 
tation in terms of electric density, etc.; but in order to introduce 
the second partial derivatives, by themselves, we must make 
new hypotheses sufficient to insure their existence. These 
hypotheses, however, are not the results of hj'pothetical experi- 
ments and have apparently no physical meaning inherent in the 
subject itself. To show the existence of the second derivative 
of ffff/rdxdydz it is necessary to demand more than the mere 
integrability, or even continuity, of f(xyz). 

This difficulty disappears if instead of considering the differ- 



^ 
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ential equations, which are the results of limiting processes and 
involve assumptions about the existence of the limits, we con- 
sider the equations which express in integral form the results of 
our experiments. Thus, the equations 

(1) f(P^ = 0, 

(2) ff<(>nd<T=ffff(xyz)dS, 

<p being a vector point function, represent the postulate of a 
conservative field of force, and the law of total induction in a 
medium of inductivity unity. The usual process is to pass 
from (1) and (2) to the consideration of Poisson's equation. 

47. Bdcher's Treatment of Laplace's Equation. Professor 
B6cher considers the relation 

assumed to hold merely for all circles within a given two dimen- 
sional region, and shows that when we assume merely the exist- 
ence and continuity of u and its first derivatives, the equation is 
nevertheless entirely equivalent to Laplace's equation provided 
that the region is restricted to that of the customary analysis 
(that is, one in which analytic continuation is possible; called 
by Borel, a Weierstrass region). By means of a two-way evalu- 
ation of the double integral 

extended over the interior of the circle, we can pass directly 
from (3) to the mean value theorem* 

(3") ^""^hj ^^*- 

In this way the uniqueness of the solution of (3) for given con- 
tinuous boundary values on a closed curve is easily established. 

* B6cher, Bulletin of the American Mathematical Society^ (2), 1 (1895), 
p. 205. 
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» 



In fact, suppose that Ui(jcy) and Uiixy) were two functions 
which on the regular boundary of a simply connected region took 
on continuously the same values h{M), and satisfied, for every 
circle contained within that region, the equation (3). Then 
their difference would also satisfy (3), and take on zero values 
on the boundary. This would imply, if the difference were not 
identically zero, that at some point P, in the interior, it would 
have a positive maximum or a negative minimum value. But 
if this point P were surrounded by a circle small enough to lie 
entirely within the region, the value at P would not be the mean 
of the values on the circumference. Therefore the value of the 
difference must be identically zero. 

On the other hand, as is well known, there is a harmonic 
function u{Xy y) which takes on the given boundary values h{M) ; 
since it is harmonic, however, it satisfies the equatio^ (3). The 
unique solution of (3) must therefore be harmonic: its second 
derivatives must exist at all interior points, and the equation 

Shi ^u __ 

must be satisfied. The equation (3), then, throughout regions 
in which u, du/dx and du/dy are continuous defines the same 
class of functions as that defined by Laplace's equation. 

I have called equations of the type of (3) iniegro^iffereniial 
equations of B6cher type. This lecture is devoted to the treat- 
ment of the general equation of that type involving derivatives 
of the first order, corresponding therefore to the general linear 
partial differential equation of the second order: in the general 
equation, unlike the case of (3), the second derivatives will not 
even exist. 

48. Poisson's Equation. If we write down the equations (1) 
and (2) for two dimensions, the first one tells us that there is a 
function 

(p,ds 

such that du/ds is ^«. The second equation thereupon gives us 
the relation 
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for an arbitrary contour C in the given region. Equation (5) 
corresponds to Poisson's equation 

The latter has in general no solution if fixy) is merely continuous; 
the former however has one, and it is uniquely determined by 
given continuous boundary values. The uniqueness of the 
solution comes from the fact that the difference of two solutions 
of (5) is a solution of (3). The existence of the solution is demon- 
strated by showing that the function 



^ f f 9ixy\x'y')f(xy)dx'dy' 



where g{xy\x'y') represents the usual Green's function for La- 
place's equation, satisfies (5) and takes on null boundary values. 
This function then, plus the harmonic function which takes on 
the desired boundary values, will be the desired unique solution 
of (5). 

The equation (5), and the corresponding equation for three 
dimensions 

may also be treated by a direct generalization of B6cher's method 
of double integration, considering orthogonal systems of curves, 
and the expression of the integral in curvilinear co-ordinates, in 
case we do not restrict the closed surfaces of integration in (7) 
to spheres. The integration over the enclosed volume may be 
expressed as the iteration of a surface and a simple integral, and 
performed in two ways. In the case where spheres are used the 
element of surface integration is the solid angle; in the case 
where the closed surface in (7) is unrestricted, the element of 
surface integration is a functional of closed curves on that surface 
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which bears to the function (p{xyz) = c, which defines the family 
of surfaces corresponding to the concentric spheres, a relation 
which is the generalization of the relation, in two dimensions, 
between a harmonic function and its conjugate; viz., the flux of 
the functional is the gradient of <p. This relation, holding 
between a harmonic function, which defines a family of isothermal 
surfaces, and a certain functional of curves on those surfaces, 
has been treated in a diflferent connection by Volterra.* It has 
nothing to do with the relation between the real and imaginary 
parts of the functional of Lecture II, although it is in one 
direction a generalization of the properties of analytic functions. 
Rather than follow through this analysis we shall turn to 
the more generally applicable method of Green's theorem. 

§ 2. Green's Theorem for the General Linear Integro- 

DlPFERENTIAL EQUATION OP BOCHER TtPE 

49. Adjoint Integro-Differential Equations. We shall con- 
sider the integro-diflferential expression 



(8) 



A[C,«.] = J^{au|^+a«|^+aiw[dy 



du du 

and form the equation 



— I «2i ^ + a2« ^ + ot2U \ dx, 



(9) 



A[C\u.] = fj(f-au)dxdy, 



where a is the area enclosed by C. In case derivatives of suf- 
ficient order exist of u, and of the coeflBcients «»•/, a,-, a, the 
equation (9) may be written as a partial differential equation; 
namely 

d^u d^u dhi du du 

(90 «"a^ + 2a„^^- + a„^ + oi^+o,^ + a«=/. 

* Volterra, Le9ons sur rint^Sgration des Equations diff^rentielles aux d^riv^es 
particlles; profess^es k Stockholm, Paris (Reprint 1912). 
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in which the coefficients are defined by the equations 
Oil = an, (Hi = «22, 2ai2 = an + a2u 

Additional derivatives would be involved in the definition of the 
adjoint expression to (90- The assumptions we shall use are, 
however, given below. 
With (8) and (9) we consider the expression 

(10) T[C, «.] = ^ { /3u li + /3» ^ + /Si" ) dy 

and the equation 

(11) r[C, v.] = J f ig - ^)dxdy 

tphich we c<Ul the adjoint of (9), provided that the relationg 

l8« = otji, i, j = 1, 2, 

(12) /3.- = - a,-, t = 1, 2, 

ar^ satiafied. If the last of these equations is written in the sym- 
metrical form 

it is seen at once that the relation between an equation and its 
adjoint is symmetrical: if (11) is the adjoint of (9) then (9) is 
the adjoint of (11). 

The curve C is to be restricted to what may be called a standard 
curve, A standard curve is a closed curve which does not cut 
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itself at any point, composed of a finite number of portions; 
for each portion, the co-ordinates of any point are given by two 
functions (p{q) and ^(9), throughout a finite interval for a param- 
eter q\ the functions (p{q) and ^(g) are assumed to be con- 
tinuous throughout the closed interval, and therefore finite, 
with their derivatives of the first order. It is assumed that 
ip\q) and ^'(g) vanish only at a finite number of points unless 
they vanish identically, and do not both vanish at the same 
value of q. Hence no line parallel to either of the axes can cut 
the curve in more than a finite number of points, unless it in- 
cludes itself a portion of the curve. 

A standard curve approaches a point P uniformly^ if, given an 
arbitrarily small circle with center at P, the curve comes and 
remains within that circle. 

We consider a simply connected region Z and assume that at 
every point of it, the functions w, v and their first partial deriva- 
tives, also /, g^ a,7, ai, a^, daifdx, da^jdy and a remain finite 
and continuous. We form the expression 

(13) mC,u.,.^^l[[an{r>%-uf^ 

+ 



r / du dv\ 



+ 0:22 



and state: 

Green's Theorem. If for every standard curve C lying whoUy 
toithin the region X the equations 

(9) A[C, u.] = J J (/ - ctu)dxdy, 

(11) T[C,v.]^ j j{g-fiv)dxdy 



\ 
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are satisfied, then the equation 

(14) H[C, u., v.] = J J (vf - ug)dxdy 

will also he scUisfied.* 

This theorem contains as a special case the usual Green's 
theorem for the diflFerential expression (90- If equation (9) is 
to be investigated, the function g{xy) in (11) may be regarded 
as arbitrary, and will be chosen so as best to make the equation 
(9) integrable, in order that a convenient function v{xy) may 
then be utilized in connection with (9) and (14). f If 9(xy) is 
taken identically null, the function v(xy) is an integrating muUi^ 
plier for the equation (9) . 

50. Proof of Green's Theorem. In order to prove this the- 
orem we follow a method worked out by C. A. Epperson,t the 
integro-differential expressions being now however somewhat 
simplified in comparison with his, and establish first a lemma. 
For this purpose the curves C are restricted to small squares 
about arbitrary points P as center, which are made to approach 
P as a limit; for convenience, the values of a function at P and 
at a point on C are designated by subscripts P and s respectively. 
The lemma follows: 

Lemma. With the above restrictions upon the curves C, the 
relations 

(15) (/-at^)p=limiA[C,wJ, 

(16) (g-^)^= limine v.] 

* Special cases of this form of Green's theorem were proved independently 
by C. W. Oseen, Rendiconii del Circolo AlaUtnatico di Palermo, vol. 38 (1914), 
pp. 167-179; and G. C. Evans, Transactions of the American Maihemalical 
Society, vol. 15 (1914), pp. 477-496. A similar theorem has been proved for 
hydrodynamics by C. W. Oseen (see the footnote to the title of Lecture IV). 

The theorem also holds if the curves C are restricted to rectangles or even 
to circles (see the second method of proof). 

t Such for instance as the Paramelrix, defined by Hilbert. 

t Epperson, Bulletin of the American Mathematical Society, vol. 22 (1915), 
pp. 17-26. In the demonstration referred to there is an error in the formula 
corresponding to (18) below. 
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holding for every point P within S, imply the relation 

(17) (vf - ug)p = lim -ff[C, w„ v,]. 

Form the function 

{vf — ug)p = lim - I Vph[C, w,] — u^[C, v^] 

■ -((t+^^)"'),l 

from (15) and (16), with the aid of (12). If we write now the 
difference of the expression just given and that given by (17), 
we note that it consists of the quantities: 



i/jau[(.,-n)|j=- («,-».)£] 



ill) + an{Vp "" ^O ^T* "• «2i(^p — w.) Q- 



+ «i[(^p — «.)w. + t/pt^J I dy. 



and a similar integral (m), taken with regard to the variable x. 
In the expression (ii), we have by the law of the mean: 

where P' is some point on the line connecting P and s. Since 
these derivatives are uniformly continuous throughout the 
square <r, we may write 



{Vp - %) - 



^ {xp - ar.) + ^- iyp - y.) J | < 2€{, 



where S is the length of one side of (r, and € may be made small 
with 8, uniformly for all points in o*. On account of the uni- 




FUNCTIONALS AND THEIR APPUCATIONS. 83 

formity of this condition, since we are interested only in the 
limit of expression (it), the 2€d contributes nothing to the value 
of 1/cr times the integral, and we may replace everywhere in (it) 
the quantity (Vp — v,) by the quantity 

^ (x^ - X.) + ^^ (yp - y.), 

with a similar substitution for the quantity (up — u,). 

If now we denote the two opposite vertices of the square by 
(xiyi) and (3:2^2) the expression (ii) becomes the difiFerence of 
two integrals of the same expression, one along x = Xi, the other 
along X = X2, and we have for it the value 

1 p«f r /dv du dudv\T\ 

J. ih'KTyrx'-dyTxjiJy^^y^ 

, r / dv du dudv\ . . T* 

[dv du T« r dv "I'* 

(ai2 - a2i) ^ ^ J^^ (yp - y) + [o^iei^^p - ^) J^^ 



+ 



I ai^w I (yp- y) + j Qrt? I Upjdy, 



where the quantities X2 and Xi, above and below the bracket, 
indicate that the value of the expression within, when the argu- 
ments are (xiy), is to be subtracted from its value when the 
arguments are (x2^). 

If we apply the law of the mean to the above integral, we notice 
that the terms which are multiplied into yp— y will disappear 
in the limit as we. divide by a and let <r approach zero, since, on 
account of the uniform continuity of the quantities involved, the 
integration will in each case yield an infinitesimal of higher 
order than a. If in addition we make use of our special hypoth- 
esis that Xp — xi is equal to X2 — Xp we obtain for the limit of 
the whole expression (ii) the quantity 



(dv du du dv 

"" di di; " "" di d^ ' 



/p 



-V'Tx-).-^\-B^V.' 
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which is 

/ dv du dudv\ ( dai \ 

(18) « \<^^^e'xTy - «"ai dy)r V'~dx),' 

In a precisely similar manner we find for the limit of the ex- 
pression {ill) the quantity 

(dv du dudv\ ( dai\ 

Hence the sum of (i), (ii) and {in) has the limit zero, and the 
lemma is proved. 

We see that all the limits involved in the proof of the lemma 
just given are uniform with respect to the point P. Hence we 
have the further lemma that the limit specified in equation (17) 
is uniform with respect to the poirU P, for aU points P in a region 
enclosed by any standard curve C lying wholly within S, and there- 
fore that 



(19) 



{vf - ug)p - -H[C, u„ V,] 



<?7cr, 



where rj is independent of P, and C is the boundary of the squnre o*. 
If now we return to the original theorem, the proof is im- 
mediate. For if we divide up the region o*, bounded by the 
curve C, by a square grating, each square being of size tTtf and 
denote by Sr the outside boundary of the collection of squares 
entirely enclosed within cr, we shall have 



/x 



{vf — ug)d(x — (rf — ug)pffr 



^ «rr. 



where P is the center of the square iXr, and t can be made uni- 
formly as small as we please with o-f, for all squares iXr. Hence 
we have the equation 



/x 



{vf — ug)da — H[St, u,, v,] 



< (77 + €)2(rr, 



and, since we can make the grating as minute as we please, by 
further subdivision, without changing the outside boundary Sr, 



\ 
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the equation 



a 



It, having found this equation, we now change Sr as we again 
decrease ar, keeping however Sr the largest possible boundary of 
squares enclosed in C, and take the limit of both sides as ar 
approaches zero, we have 



j j ^^^ ^)^ = ^[^' '^•> ^'l' 



since the integrands in the curvilinear integrals constituting the 
right-hand member are uniformly .continuous functions of their 
arguments. This completes the proof. 

51. A Proof by Approximating Polynomials. An interesting method of 
proof of this same theorem is afforded by the method of approximating poly- 
nomials. In what follows only a special case is treated. Let u, v and their 
first partial derivatives, and / and g be limited and continuous within and on 
the boundary of a rectangular region D: a^x^bfO^y^b, and con- 
sider the theorem with special reference to Poisson's equation: 

Theobem. Iff<n' every etandard curve endoeed entirely tvithin the region D 
the ttoo equcUiane 

are eatiafiedf then the equation 

unll aUo be ecUiafied,* 

Denote by k,i the quantity 

o (2m) 1 1 



^^ 



(2m + 1)!!' 



and by Z>' the region a' '^x'^b% a' "^y^ b\ where o' and b' are fixed so 
that a < a' < 6' < 6. We shall prove the theorem first for the region D\ 
For the sake of convenience in notation we assume that < a < & < 1. 

* A different method of considering v*u as a single differential operator has 
been developed by H. Petrini, Acta Maiematicaf vol. 31 (1908), see p. 181. 
Green's theorem may also be proved for this operator. 
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The polynomial 

(23) PAu] = ^tff^^(^y^ - (^ " ')'>'^ - (^ - yy>^^^ 

converges uniformly, as /i becomes infinite, to the function u(xy) throughout 
the square D'; moreover its first partial derivatives are pol3momials which 
converge uniformly to the first partial derivatives of u(xy), throughout the 
same region.* 

// the equation (20) is satisfied the polynomial V*Ptilu] concerges uniformly 
tkroughoui D' to the function — f(xy), as m becomes infinite. 

To prove this, notice that as C approaches (20^) uniformly, we have 

lim - r ff{e^)ded^ - /(xoyo) 
and 

9 -^ oJ c Bn 
where (xoyo) is any point in D*. Also: 

and 

(24) Ihn PAu\ = lim f* d9 T u(« + x, ^ + y) (^ -^)^(|-^ ^^ 

uniformly for all points in D' provided that c is taken less than both a' — a 
and h' — b. It is well known moreover that 

(25) 1^ ^PAu] 

= lim r de r ^^<^+f^ + ^) (I - t,Ml - ^)> ^^^ 

and similarly for dP/tM/dy, _^ 

If the integral in the right-hand member of (24) is_ denoted by P^lu] the 
integral in the right-hand member of (25) will be dP,i[u]/dx. Further, the 
quantity 

OmM = PAu] - PAu] 

will be a function of x, y which, on accoimt of the hypothesis made in regard 
to 6, will have continuous limited derivatives of the first and second orders, 
which as we see by calculation, all uniformly approach zero, as /i becomes 
infinite. Hence from (25) follows the equation 

(26) V*PAu] = - lim i r ^'-' ds + VKJ^M, 

a=0 cr»/c an 

where V*Oi*[u] approaches zero uniformly as m becomes infinite. 

* De la Vall6e-Poussin, Cours d'analyse infinit4^imale, Louvain (1912), 
vol. 2, p. 131. The idea of this proof is suggested by the very short proof of 
the theorem of vol. 2, p. 24. 
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But we have 

in which the differentiation and the inner integration are carried out on the 
variables x, y. Hence, by (20), we have 

Here, however, since / is continuous in both arguments, the quantity 

differs from f{B + 2b, ^ + Vo) by an amount which is numerically less than a 
certain infinitesimal 17, which approaches zero uniformly with a for all values 
of B and ^ in the range { — «, e}. Therefore, finally, we have 

By combining now (27) and (26), it follows that 

- lim v»P^[ul = lim r ci(? r f(e + xo, ^ + yo) ^^-^?- 1 ~ ^^"^ (^^ 

11=500 |i==« * *M 

uniformly for all values of xo^o in D'. But this last limit is precisely fixayo), 
so that the lenmia is proved. 

It is now easy to complete the main theorem. In fact, since PiiXu] and 
Pil[v\ are polynomials. Green's theorem applies directly to them, as usually 
stated; viz., 

= - /X {PMv'Pi.W] - PA^\^PM)d^' 

Since, however, by (20) and (21), Piifw], P|i[f], V'PiilMJ, V'PmM converge uni- 
formly throughout D' to the functions u, v, /, g respectively, the limits of the 
integrals in the last equation will be the integrals of the limits; and for any 
curve C in D' the result will follow: 

X{''S " ""S}^* ^ //^"-^ ~ ug]dxdy. 

But this result holds also for any standard curve lying wholly inside of D\ 
for a region D' may be drawn so as to contain this curve, since it has a nearest 
point to each boundary of D. 

52. Change of Variable. With regard to the equations (9) 
and (11) let us make a transformation 

(28) { = <p{xy), V = 0(^y)s 
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where ip and 9 are two functions continuous with their first 
derivatives in the given (simply connected) region, and let the 
Jacobian, J = d(fi7)/d(xy), not vanish in this region. 

If we consider A[C, wj and J J (/ — au)dxdy as functional of 
Cf and li, a, • • • as functions of (x, y), leaving them unchanged 
in value as they are moved to the corresponding curves and 
points of the transformed plane, the integro-differential equation 
(9) is transformed into a similar equation, with u=^ u^ and 

-^^ = ""d?d5+ ""d^d^+ ""d^di"*" "«dF d^ • 
-_ d<pde , d<f>de d<pdO d<p d9 

(29) •^"=""d^ai+""d^d^+""d^^+"«dF%' 

•^" = "" ( di) + ^"" + ""^ d^ dP + "" ( di?) ' 

^ dip , d<p , dB , dB 

'^•^"'d^+^'dP' "^"^ = "» dJ + "» dP • 

•Ja = a, Jf = f. 

The expression 

(30) / = (an + a2i)« - ^anatt 

is an invariant of this transformation. In fact we have I == I. 
The expression 

(31) T(dx, dy) = andy^ — {an + a2i)dydx + attda? 
is a CO variant; in fact, 

f(d{, dri) = jr((ir, dy). 

This same transformation of the plane transforms the adjoint 
equation in a similar manner, eve^ a and a in (29) being re- 
placed by the corresponding /3 or /3. Moreover the relation of 
adjointness is preserved by the transformation. To insure this, 
however, it is necessary to assume the existence of the second 
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derivatives of the functions ip and ^, since otherwise the coeffi- 
cients in the transformation of the adjoint equation will not be 
defined.* To prove this fact, the only difficulty is connected 
with the last of the equations (12). This can be written in the 
equivalent form: 

(32) / M^ " ^)^^y = \ cL\iy - cL^^t 

which is an invariant relation, since each member is a functional 
of Cy which is seen to be unchanged in value by the transforma- 
tion, on account of the formulae (29). Hence the equation (32) 
will be satisfied by the transformed quantities. 
We can make a transformation 

(33) u = ifi^xyya 

of the dependent variable. The function u will satisfy a new 
integro-differential equation of the same kind as before, with 

OLii = ^a.y, a = ^a, / = /, 

(34) «^=«"di + «^^d^+«^^' 

The quantity / will be an invariant, and the quantity T a co- 
variant of this new transformation. 

The relation of adjointness will be preserved if at the same 
time we make a transformation of the adjoint equation given by 
the formulae: 

t^ t, 9 = 9, %} = ^&%h 

* It is possible, however, to use less restrictive conditions if the analysis is 
based on (32) instead of the last of the equations (12). This would demand a 
slightly different treatment of Green's theorem, breaking thereby from the 
theory of the Riemann integral. 

7 
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(340 ^'=^^''di^ ^" d^ + ^*^' 
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+ 






The expressions / and T will also of course be respectively in- 
variant and covariant of this transformation. 

For this last transformation to be defined it is necessary that 
the second derivatives of ^ exist. 

53. The Three T3rpes of Equation. The directions defined by 
the covariant equation 

(35) r((fa, dy) = • 

or, what is the same thing, 

(350 2aiidy = (ai2 + a%x =fc V7)dx 

are called the chardcteristic directions, and the solutions of the 
equation, the characteristic curves. Characteristic directions go 
over into characteristic directions, by any of the transformations 
considered. There are, then, three cases to consider with respect 
to any point of the region;, if the characteristic directions are 
real and distinct at a point the equation (9) is said to be hyper^ 
bolic at the point; if they are real and coincident the equation 
is parabolic; if they are not real, the equation is elliptic. Equa- 
tions (9) and (11) are of the same type, and the type is un- 
changed by any real transformation of the kinds considered. 

The three types of equations can be reduced by real trans- 
formations of the independent and dependent variables to three 
normal forms respectively. We assume for convenience that in 
the region we are investigating we have an + 0, and also that 
the first derivatives of the coeflScients «»/, a,-, are continuous as 
well as the coefficients themselves. This last restriction is not 
entirely necessary, but we are more interested in reducing the 
restrictions on the solutions than on the coefficients. 
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The following equation is an identity: 

XU 2 dy"^dy 2 "" j^^^ 

(«« + ail d« , d ciit — an \ , 
—2—di + d-x^^—'')^' 

and it may be proved in the same way as the extension of Green's 
theorem, ah^ady given.* 

The normal forms are then obtained, as in the theory of linear 
partial differential equations, to be the following: 

EUipiic: 

(37) J (^+«iw|<^y- {^+Qf2w|&:= J j if - otu)dxdy. 

Hyperbolic: 

(370 £{^+aiu]dy-[^+aiu]dx= JJ(f^ctu)dxdy. 

Parabolic: 

(37") I aiudy ~ | T~ + 0C2U \ dx = | I (/ — ctu)dxdy. 

With the hypotheses just made, the new functions ai, 0^2 are 
continuous, but do not necessarily have continuous first partial 
derivatives. If we desire this last property, we must assume 
that the original coefficients a»y possess continuous second partial 
derivatives. This assumption is necessary if we desire to use 
Green's theorem; without its use, however, we can still establish 
the existence, though perhaps not the uniqueness, of solutions 
of the equations, with reference to the usual boundary value 
problems. 

The different types of equations do not arise in practise, how- 
ever, by transformations of more general forms, determined by 

* The most direct proof is that by approximating polynomials. 
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the values of /, as in the preceding paragraphs, but appear 
separately in conformity to certain types of physical problems, 
such as, for instance, those of potential, flow of heat, and vibra- 
tion. Hence the transformations and the assumptions on which 
they are based are not so likely to present themselves in appli- 
cations to physics. Here we have not space to give the detailed 
treatment of these three types, and therefore confine ourselves 
to the one which is perhaps least extensively studied, imposing 
merely the few conditions on the coefficients which are sufficient 
for the desired analysis of this type. 

§ 3. The Parabouc Integro-Differential Equation of 

BocHER Type 

54. Derivation of the Equation for the Flow of Heat. Con- 
sider, for simplicity, a bar of length I, insulated except at the 
ends, and in particular the portion of it between y = yi and 
y = y2 at times x = xi and x = X2. The amount of heat that 

is contained in this^portion of the bar at time X2 is I cu(xi, y)dy, 

and the amount at time Xi is I cu{xiy)dy, where c is the spe- 

cific heat, and u the temperature. On the other hand, by 
Newton's law, the amount that flows out through the end yt is 

rkdu(x, y^ldydx and the amount that flows in through the 
end yi is I kdu{xyi)/dydx, k being the conductivity. Since the 

Jxi 

difference of the first two quantities must be equal to the dif- 
ference of the second, we have for any rectangle in the x, y plane: 

c}idy + k^dx= 0, 

if there are no interior sources of heat. 
If there are interior sources of heat which contribute an 

dy I f{xy)dx to the quantity of heat contained in 
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the portion ytyt of the bar, the equation becomes* 

(39) / cudy + k-g-dx = I I f(xy)dxdy. 

If c and k are constants they can be absorbed by a change of 
variable, so that we shall have 

(380 fvdy+^dx^O, 

(390 fvdy+^dx = JJf(xy)dxdy. 

In three dimensions, corresponding to (380 we have the equa- 
tion 

(40) fff^ydz - fff^ydz = CdtfJI^d.; 



t^tt t = ti 



which may be rewritten as an integral over a three-dimensional 
hyperspace, immersed in a 4-space. 

55. The Dirichlet Problem. Instead of (390 > we consider the 
more general equation 

(41) j^y— (""3^+«2^)^=JJ (/"" ceu)dxdy, 

where C is any closed standard curve within the given region, 
and the functions /, a, a2, da^ldy are continuous within and on 
the boundary of the given region. 
The adjoint equation to (41) is 

(410 j^-vdy-(^-^y+fi,v^dx^ j j^{g-^v)dxdy 

in which 

_ , _ , da2 

P2= ^ 0L2 and p = a-T ~^~ . 

oy 

* It would be more natural to represent the right-hand member of this 
equation by a two-dimensional Stieltjes integral (an additive and perhaps 
absolutely continuous functional of the rectangle C). We restrict ourselves 
to the case where / itself exists, and is continuous. This same note applies 
of course to (5). 
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If ^ is a continuous function the coeflBcients of (41') satisfy the 
same conditions as the corresponding coefficients of (41). 

We consider a region also slightly more general than in the cor- 
responding physical problem. Denote by xo^i (following a nota- 
tion used by W. A. Hurwitz) a 
region bounded on the left by 
the line x = Xo, on the right by 
the line x = xi, above by the 
curve y = ^2(2^), and below by 
the curve y = f i(ar). The func- 
tions f 1 and f J are to be continu- 
ous with their first derivatives, 
and are to have only a finite 
number of maxima and minima 
in the interval under consider- 
ation. Moreover, %\{x) > {2(2^), for x ^ x©. 

We shall investigate solutions of (41) which are continuous 
with a continuous derivative in regard to y within and on the 
boundary of xfi^x^ (called regular solutions), and take on a con- 
tinuous chain of boundary values along the open contour s/x^f 
comprised by the parts x == Xq, y = {2(2^) and y = ^i(x) of the 
boundary of xjixi' There is one and only one such solution. 

Analogously, there is one and only one regular solution of the 
adjoint equation (41') in the region xo^x, which takes on given 
values along the contour comprised by x = xi, y = fi(ar) and 
y = i2{x). The proofs of the two existence theorems are similar, 
and it is therefore necessary to deal only with one. 
56. The Uniqueness of the Solution. Define the function 



Fig. 2 



(42) 



h^,{xy\xy) = r^'^:.e ^'--'^ 



(x' - X) 



The function Aoi as a function of x, y is a, solution of the adjoint 
of (38'), since it is seen by differentiation to be a solution of the 
equation 
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As a function of a:', y' it is a solution of (38') itself. Its derivative 
in regard to y' is 

and both h^ and Aij are integrable over the region x^Rx'^ More- 
over, 



(43) lim -^ {\{y)h^{3^Wy')dy = ^(y' 



) 



if ii{x') < y' < f2(a:')> y' being between a and 6, and (p{y) is in- 
tegrable, and continuous at y = y'* 

If we now define the Green's function g{xy\x'y') for (41) by 
the formula 

(44) gi^Wy') = h^{xy\x'y') + g'{M^Y)y 

where for a point {x'y') inside xjlx^, g{xy\x'y') is m x, y b, solu- 
tion of the adjoint equation (41'), and g'{xy\x'y') is a regular 
function which vanishes on the line x = x' and on y = {i(x) 
and y = ^2(2;) takes on the negatives of the values of Aq^, then 
we have by a direct application of Green's theorem: 

2VTw(a:y) = — I \u{xy)g{xy\x'y')dy 

(45) ">"'' 

the term involving a2 dropping out, since dx = when 5^ + 0, 
on the boundary. 

On account of the explicit formula (45), the solution must be 
unique, if regular solutions of (41) and (41') taking on assigned 
boundary values exist. 

57. Existence of Solutions. On account of the uniqueness of 

solutions of (41), there will be one and only one solution in the 

case when 

a2 = / = « = 0, 

* For a proof of these theorems see E. Levi, Annali di Matematicay vol. 14 
(1908), p. 187, or W. A. Hurwitz, Randwertaufgaben der linearen partiellen 
Differentialgleichungen, Dissertation, Gottingen (1911). 
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namely, the known solution of the equation 

ffhi du 

In particular, (46) will have a Green's function 0{zy\x'y'). 
The function 

u{x'y') = u{x'y') + ^f f G(xy\xy)f{xy)dxdy, 

where u{x'y') is the solution of (46) which takes on the given, 
boundary values on ,/,j, will be the unique regular solution of 

which takes on the same boundary values. In fact, we may 
differentiate under the integral sign to find du/dx', and by 
substituting directly into the equation, and changing the order 
of integration, verify that the equation is satisfied. As is well 
known, the integral in the second member vanishes when (x', y') 
is a point of the contour xo^xi- 

Hence the unique regular solution of (41) must satisfy the 
equation: 

uix'y') = uixY) + ^ff^^'^Wy^ {/ - «« 
(47) ^"o^x- 

since, with our assumptions, we have 

I aiudy == — ( 1 ^ (a2u)dxdy. 
Hence, finally, if we write 

<p(xy) = u{xy) + ^f J G(xy\xy)f(xy)dxdy, 



dxdy^, 

xy 
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the quantity dx'y'u must satisfy the integral equation 
dx'v'uix'y') = dxV<p(xy) 

(48) 1 r r 

+ ^:T=J J dxVG{xy\xy)dxyU(xy)dxdy. 

In this integral equation, the first term of the right-hand member 
is a continuous function. 

On the other hand we know that there is a unique continuous 
solution of (48), which yields when applied to (47), since we 
can differentiate once with respect to y under the integral sign, 
a regular solution of that equation, and therefore a regular solu- 
tion of (41). 

We can as a matter of fact go still further than this. There 
is a unique solution k(xy\x'y'). of the equations 

k(xy\xy)+-^d.yG(xy\xy) 
(49) = ^ // Hxy I iv)d.vG{iv I xy)didv 

= ^f f dt,Gixy\^)k(iv\x'yOdidv, 

which is called the resolvent kernel to dxy'G(xy|x'y')/2 Vr, and 
denoted by the symbol 



r^^vG(xy\x'y'). 



2<Tr 
The solution of (48) may then be written in the form 

dxVu{x'y') = dx'y'<p{x'y') 

^ J J \ 2V ^''^'^^^^ I ^'^'^ ) ^^'p(^y)^dy' 

The examination of the existence and continuity of k{xy\x'y^) 
demands consideration of the uniform convergence of the same 
improper integrals as in the case of (48). 
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58. The Green's Function. The Green's function for (41) is 
closely related to the function k(xy\x'y'). As a function of 
(x'y') it is a solution of (41) itself, with f=0, and it may be 
deduced from this fact, and from (47), that the Green's function 
satisfies the equation 

?(^yky) = G(xy\x'y') + J^ j j G{^y,\x'y')di^(xy\ir,)didr,, 

and hence the integral equation 
^xVgi^Wy') = dx'y'G{xy\x'y') 

+ ^ff dxVGiiv I xy)d^^(xy I in)didv. 
Hence we have 

(50) d.vgip^ I ^y ) = - 2 v;;^ ( 2^ d^vcc^ I «y ) ) > 

and 

gi^Wy') = G{xy\z'y') 

(51) 



x^x* 

§ 4. The Parabolic Integro-Differential Equation of the 

Usual Type 

59. The Generalized Green's Function. For simplicity, let us add to the 
conditions on the boundary of the region, the requirements ^t{x) > 0, 
^i'(x) < 0, and deal with the equation 

or for still greater simplicity, with its generalization : 

(52) / ^i/ - ( - 1^ ) ^^ = // <^ X^ ^ {xiy)u{xy)dx. 

In these equations (xy, y) denotes the point on the boundary ,/, of which one 
co-ordinate is y. 

If u{xy) and v{xy) are any two continuous fimctions, it may be proved by 
means of a change in the order of integration that the following identity 
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holds: 

If we define the generalized Green's function for (52) as the solution S(xy \ x'y') 
of the adjoint equation 

/ - wiy - ( - g) dx = ffdxdyf'^A(^xyM^y)d^, 

which is equal to ^ plus a regular function which vanishes for x — x', and 
takes on the values — Ao^ on the upper and lower boundaries, we can find a 
formula for it in the same way as in the case of (41). In this case, however, 
the fact that the quantity 

(54) u(xV) =^Xo%'^(^){'^(^2^l^'y')^2^ "4'^(^''''^'^'^''} 

represents the solution of (52), which takes on the assigned boundary values 

depends essentially upon the identity (53). In other words, instead of 

Lagrange's identity we have as the basis of our extended Green's theorem an 

identity involving an iteration of integrals. 

The case is again different from that of the integro-differential equations 

of so-called static type which will be treated in Lectiu^ V, by a symbolic 

method, depending upon distributive and associative properties of the integral 

combinations involved. On the other hand, the function S for the present 

case may be expressed in closed form, in terms of the Green's function for the 

parabolic differential equation 

dhi __ du 

dy* " dx ' 

§ 5. The Differential Equation of Hyperbolic Type 

60. Functions of Zero Variation in Two Dimensions. A treatment of the 
hyperbolic equation, analogous to that just given for the parabolic equation, 
may be developed. Since, however, the Riemann characteristic function for 
the h3rperbolic equation is itself regular, the treatment does not depend upon 
the anal3rsis of the properties of a discontinuous principal solution, and there 
is not the same interest in avoiding differentiation. The resulting integral 
equations are however interesting; they involve both simple and double 
integrals.* 

The equation 

u{x-\-t + t\y-\-t- n -u(x + t,y + t) 
(55) 

- u(x + «', y - n + u(x, y) = 0, 

where / and i' are arbitrary quantities, may be replaced by the equation 

* The equations satisfy the conditions specified in V, Volterra, Rendiconli 
della R. Accademia dei Lincei, vol. 5 (1896), 1® sem., p. 289. 
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if sufficient derivatives of the function u exist. Otherwise, it is of interest 
to study the^ equation (55) directly. It may be stated geometrically in terms 
of an arbitrary rectangle with sides parallel to the lines x ±y — 0; the sum 
of the values of u cU the extremities of one diagonal is equal to the sum cU the 
extremities of the other. 

The equation (55) has been used to plot solutions of the wave equation.* 
That it holds is a necessary and sufficient condition that u(xy) be a function 
of zero variation in two dimensions ;t such fimctions are obviously not re- 
stricted to constants, as they would be in one dimension. 

To solve equation (55) we define a stair of points. Construct a broken 
line, with parts parallel to the lines x ± 2^ = 0, joining two end points A and B, 
which do not lie on a line parallel to either of these two directions. Also, let 
no two parts of the broken line be coUinear. The vertices of the broken line, 
including the end points, constitute the stair. 

The associated mesh of a stair is the collection of intersections of all lines 
parallel to the directions x zhy — Of which contain a point of the stair. It 
may be established geometrically that if a solution of (55) is assiffned arbitrary 
values for the points of a stair it is determined uniquely at all the points of the 
associated meshy and at no other points. 

The theorem just enunciated provides immediate proofs of existence the- 
orems of (55), e. g., that a solution is determined uniquely by assigning arbi- 
trary values along two lines, one parallel to x + y » and the other parallel 
to X — y = 0; also that any solution may be written in the form 

f(x + y) + ip{x - y) 

wherever it exists. In fact, if we define two stairs as intersecting when their 
meshes have a point in common, we see that we can assign arbitrary values to a 
solution of (55) at the points of any number of non^niersecting stairs. If two 
stairs intersect, values of u(xy) may be assigned on them independently, pro- 
vided they are assigned so as to give the same values on the points of inter- 
section 4 

* Professor Birkhoff calls my attention to the fact that this method is 
used in H. N. Davis, The Longitudinal Vibrations of a Stretched String, 
Proceedings of the American Academy of Sciences ^ vol. 41 (1906), pp. 693-727. 

t De la Vall6e-Pou8sin, Transactions of the American Mathematical Society, 
vol. 16 (1915), p. 493. A change of axes is involved. 

X In the same way that (56) is related to (55), Laplace's equation is related 
to those in which the value of a function at a point is given as the mean of its 
values around the vertices of a polygon of n sides of which the point is at the 
center. In the latter case there are properties of extension like the analytic 
extension of solutions of Laplace's equation. Hence in this case continuity 
at a point is a matter of " far-reaching " importance. See for the case of 
one dimension, Blumberg, Bulletin of the American Malhematical Society, vol. 
23 (1917), p. 212; this reference considers also a generalization to two dimen- 
sions of more restricted character. 



LECTURE V - 

DIRECT GENERALIZATIONS OF THE THEORY. OF INTEGRAL 

EQUATIONS* 

§ 1. Introduction: Some General Properties- <Jp t;^ 

Stieltjes Integral .•' - 



_• t 



61. The Stieltjes Integral Equation. The resolution of *iQr-; 
plicit functional equations^ and the form of the linear functional.**/ 
suggest th€f study of the equation 

(1) m + £ <p{s)dMxs) = 0, 

in which the subscript s indicates that we are taking the vari- 
ation in regard to s, or, more particularly, 

(2) (p{x) = f(x) + X r (p(s)dMxs), 

which is a special case of that treated in Art. 35, and yet contains 
many forms of mixed linear equations as special cases of itself. 

* This lecture is based on the following references: 
E. H. Moore, On the foundations of a theory of linear integral equations, 

Bulletin of the American MathemcUical Society^ vol. 18 (1912), p. 335. 
V. Volterra, Papers on integro-differential equations and permutable functions, 
Rendiconti delta R. Accademia del Linceif ser. 5, vol. 18-20 (1909-11); 
Lectures delivered at the celebration of the 20th anniversary of the foundation 

of Clark University (1911); 
Teoria delle potenze dei logaritmi e delle funzioni di composizione, R, 
Accademia dei lAncei, AUi, vol. 11 (1916), pp. 167-249. The results 
of the earlier papers are given in the Legons sur Us fonctions de lignes, 
Paris (1913) and in the Vanuxem Lectures, Princeton (1912). 
G. C. Evans, Sopra L'ulgcbra delle funzioni pcrmutabili, R. Accademia dei 
Ltncci,i4«i, vol. 8(1911); 
L'algebra delle funzioni permutabili e non permutabili, Rendiconti del 

Circolo Maiematico di PalcrmOf vol. 34 (1912); 
The Cauchy problem for intogro-differcntial equations, Transactions of 
the American Mathematical Society, vol. 15 (1914), pp. 215-226. 
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For the resolution of (2], .we must first define the class L of 
functions ^(x). y^ .,* 

Represent by U{xs)\ihe total variation function for a(a»), the 
variable x being cQifaidered as a parameter. If for a set E of 
values of x, or an interval Xix^ of values of x, the quantity U{xs), 
which is of coui^ ^ Uixh), remains finite, ^ T^, the function 
a{xs) is saiJ*C()-be of uniformly limited variation in s over the set 
jB, or the roterval Xix^, of values of x. In this case the approxi- 
mation sum approaches its limit uniformly, and the measure of 
the .'approach of the sum to the integral is given by the quantity 

ia^'ai as follows from (16), Lecture III. 
• • ^ . 

.-. '•. •■ • We may obtain also directly the inequality 



(3) ] v{,8)d,a{xs) 

•J a 



^MT,, 



where | <p{x) \^ M. 

Upon these inequalities is based the following theorem, about 
the continuity of Stieltjes integrals: 

Theorem. If in the integral 

(4) }l/{x) = I ^(*)d,a(a»), <p(s) continuous, a ^ s ^b, 

a(xs) is of uniformly limited variation in sfor x in the neighborhood 
of XQy and if there is a set of values Fxq of s which includes a and b 
and is dense in ab, such that a{xs) is continuums in x at Xq, for s in 
Fx^j then ^{x) is continuous at Xq* 

It is evidently then desirable, for (2), to take as the class L 
the class of all functions (p{s)y continuous a ^ * ^ 6, in order to 
satisfy (i); the condition (it) will also be satisfied if we take 
|X I < l/Tji, as we see by (3). Accordingly, we have the theorem: 

Theorem. // a{xs) is of uniformly limited variation in s for 
a ^ X ^by and if for every value x = Xoin this interval there is a 
set Fxq of values of s, including a and b and dense in ab, such that 
if s is in Fxq the function a(xs) is continuous in x at Xq, then equu" 
tion (2) has one and only one solution <p(x), continuous a ^ x ^ b, 
provided that X is small enough ( |X [ < 1/TJ. 

* This theorem, and the theorems of Art. 62 about the Stieltjes integral, 
are proved by H. C. Bray, Annals of Mathematics, vol. 19 (1918). 
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62. Integrability of the Stieltjes Integral. It may be verified 
that if a{x8) is of uniformly limited varicUion in s, for x in the 
intervcU xi ^ x ^ Xt, and if y(x) is of limited variation in thai 
ifUerval, then the integral 

(5) 0{s) = r\{xs)dyix) 

represents a function of limited variation. In fact, we have the 

inequality 

(50 • T. < TJ,. 

In the theorem given about equation (2), the finite jumps of 
a(xs) could themselves be functions of x in position and magni- 
tude. For closer study, we restrict ourselves in the remainder of 
this article to functions a{xs) which are continuous in x for all 
vcdues of s, — a restriction which demands that the finite jumps 
of a shall have locations independent of x. We restrict ourselves 
also of course to continuous functions <p{x). With these assump- 
tions understood, the following theorem about interchanging the 
order of integration may be deduced: 

Theorem. If a{xs) is of uniformly limited variation in sfor x 
in 0:1X2, dnd if y(x) is of limited varicUion, then we have 

(6) I <p{s)d, I aixs)dy(x) = I I (p{s)d»a{xs) \dy{x). 

A corollary of this theorem, obtained by taking y{x) = x, is 
the formula 

dx 1 <p(s)d,a{xs) = I <p{s)d, I a(xs)dx. 

Upon the formula (6) may be constructed the Volterra theory 
of iterated kernels, and the Volterra relation. The latter takes 
the form 

a(xs) + Ax{xs) = X I a{s's)ds'A^{3cs') 

(7) 

= X I AfSjs's)d»'a{xs'). 

•/a 
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« 



Associated with (7) we have the equation 

(8) ip{x) = fix) - X r f{s)dM{xs), 

and the theorem: 

Theorem. 7/ a(a») is continiums in x for every value of s and x, 
and is of uniformly limited variation in s for x in ah, and if f{x) is 
continuou^s in ab, then (2) has one and only one continuoiis solviion, 
and it may be written in the form (8), provided X is taken small 
enough {:S 1/rj. 

In fact, (8) follows from (2) by (7) in the same manner exactly, 
as in the corresponding theory of the ordinary integral equation;* 
and vice versa, (2) follows from (8). Hence our problem is 
reduced to finding a function A^{xs)f continuous in x for every 
value of s, and of uniformly limited variation in s for x in a5, 
which satisfies both of the equations (7). This function is 
given by the formula 

(9) A^{xs) = - ZX'a<(x»), 



where a»- is the ith iterated kernel: 

0Li{xs) = 1 a{s^s)d9'ctir-\{xs'), i > 0, 

•'o 

ao(a») = a{xs). 
These last formulae may be rewritten for i > 0, in the form: 

(90 ai{xs) = I aj(s's)d,'ai-j-.i(xs'), j = 0, 1, • • •, t — 1, 

as we see by (6). As is verified by mathematical induction, all 
these functions are continuous in x for every s; moreover they 
are all functions of uniformly limited variation in s. We have 
in fact from (5') the inequality 

* See for instance B6cher, Introduction to the Study of Integral Equations, 
Cambridge (Eng.) (1909), pp. 21, 22. 
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Also, we have from (3) the inequality 

\ai{xs) I < iV| r.l * where \a{xs) \ < N. 

Hence the series (9) is absolutely and uniformly convergent for x 
and tf in a6, if X is taken small enough: 

(10) |X|<^. 

We know therefore that Af,{xs) is continuous iii x for every value 
ot 8. 

It remains to point out that Ax(xs) is a function of uniformly 
limited variation in s. We know however that if a series of 
functions of limited variation, ^<pi(x), has a limit <p(x), and 
converges in such a way that the series of positive constants 
2T^^ also converges, then the convergence is uniform, and <p(x) 
is a function of limited variation; moreover 

We have then the inequality 

T 



1-xr.' 

and the point is proved. 

With the hypotheses given above, we cannot develop the 
Fredholm theory of the equation (2). It is not difficult to add 
the additional necessary postulate, ''^ but rather than introduce 
artificiality into this treatment, which is so far closely related to 
its intuitional basis, let us turn to other points of view. 

§ 2. The General Analysis of E. H. Moore 

63* Possible Points of View. The theory of the linear integral 
•equation 

u{x) = <p{x) + rK{xOu(i)di 

• 'a 

* To enable us to deal with the function 



n 

lim S {a(^«.) — aU»«»_i)}. 



S 
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admits of two types of direct generalization. On the one hand, 
by paying attention to the formal nature of the demonstrations 
involved in the theory, the variables, functions and linear opera- 
tions involved may be generalized to the fullest extent that 
would enable them still to satisfy the same formal relations; on 
the other hand, by noticing the combinatorial properties of the 
operations which produce the iterated kernels, a calculus of these 
combinations may be created, and the theory extended far beyond 
the realms of linearity. The first of these methods has yielded, 
in the hands of Professor E. H. Moore, chapters of his General 
Analysis; the second has produced Volterra's theory of Per- 
miUable Functions, 

In the original theory of integral equations the domain of the 
independent variable was the linear continuum. It was noticed 
immediately that the theory was independent of dimension, and 
could be generalized at once to n dimensions and n-tple integrals, 
even to systems of such equations. Further than this, E. H. 
Moore has shown that considerations of order in general, in the 
domain of the independent variable, are immaterial. The meth- 
od of successive approximation, the Fredholm method, and the 
Hilbert-Schmidt method involve no hypothesis whatever with 
respect to this domain. This fact itself gives an indication of 
the importance and basic nature of the theory of integral equa- 
tions. 

The essential nature of the theory may be obtained by noticing 
the analogies in theories that relate to diverse subjects, proceeding 
according to Professor Moore's dictum, "The existence of 
analogies between central features of various theories implies 
the existence of a general theory which underlies the particular 
theories and unifies them with respect to those central features," 
or we may merely make an abstraction of the formal nature of a 
single given development, and define the properties of abstract 
elements by postulates sufficient to produce the desired results. 
The latter is the method used by Russell in his " Principles of 
Mathematics." In fact, the General Analysis of E. H. Moore 
may be considered as an additional chapter in that treatment 
of mathematics. 
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The " General Analysis " constitutes a treatise on the ab- 
stract relations and classes of general variables^ sufficient to 
afford in their properties^ analogies with the usual analysis based 
on linear or multiply-dimensional continuous point sets.'*' In 
this lecture we consider merely the portion of that theory directly 
related to the theory of integral equations. We use of course the 
notation of Professor Moore. 

64. The Linear Equation and its Kernel. The equation to be 
considered is the following: 

(G) f = ^ -" zJktj 

or, more explicitly, 

{(*) = riis) - zJtK{8t)7l(t), 

in which k is called the kernel, and rj is the function to be deter- 
mined; Jt is a functional operation turning a product ktj or 
K(8t)7j{t) into a function of the argument s, whose defining postu- 
lates will be given later; f and rj are themselves functions of an 
argument s or /, the argument having a range or domain ^; 
and the equation G holds for every s of the range ^. 

The range ^ is not necessarily a linear continuum, or multiply 
dimensional continuum, or point set, — although so far as I know, 
no applications have been given where the range is of necessity 
more generaL The elements p of ^ may be numbers, functions, 
points, curves; moreover for part of the range the elements may 
be of one sort, and for part, of another. Thus, the equation (G) 
contains as special cases, the equations 

(I) X = y — zky, 

n 

(Iln) Xi = yi — z Y^i^iiVh i= 1> 2, • • •, n, 

1 

(III) Xi = yi- z Y^jkijyj, i= 1, 2, • • ., 



a ^ s :^ b, 



(IV) f (») = vis) - z £ K(d)v{t)di, 

*New Haven Mathematical Colloquium, New Haven (1910). See also 
the citation of Professor Moore on which this lecture is based, and summaries 
by G. D. Birkhoff, Bulletin of the American MathemcUiccd Society , vol. 17 (1911), 
p. 414, and by O. Bolza, Jahresbericht der deiUschen Mathematiker-VereinigunQf 
vol. 23 (1914), p. 248. 



108 THE CAMBRIDGE COLLOQUIUM. 

I 

and the task of the analysis is to devise a system of postulates 
which will make the results in these cases merely specializations 
of the general results for equation (G). The methods used will 
be clear to anyone who is familiar with the usual analysis of 
equations (III) and (IV). 

The connection established between (III) and (IV) is by 
means of relatively uniform convergence, A sequence of functions 
fin, n = 1, 2, • • •, on the range ^ converges uniformly to a limit 
function 0, relatively to a scale function o-, 

limMn = fl, (?J;(r), 

provided that no can be found, so that given e the following 
inequality will be satisfied: 

|Mn(p) - »(p) I ^ e\a{p) I , n > no. 

It is also convenient to be able to speak of relative uniformity as 
to a class © of scale functions: 

limMn=fl, (^;@), 

when any member of the class may be found which will serve as 
a scale function. 

65. Bases and Postulates for Equation (6). In order to ob- 
tain a theory for the equation (G) we must arrange a basis of 
classes of functions related one to another with reference to the 
possibility of performing the operation J, and also certain 
limiting operations of successive approximation. Thus with 
reference to this equation we may postulate the basis 

(11) 24 = (21; ^; aw; 9i = aw*^ JR = mm*; J), 

which we now proceed to explain. 

In the scheme (11), which is merely a shorthand method of 
remembering what classes of functions we are dealing with, 8 
denotes the class of all real or all complex numbers, as we choose; 
^ denotes the domain of the variable in the general significance 
already mentioned; 9W is the class of functions nip), of the 
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variable p in ^, to which the functions rj and f of equation (G) 
belong; 91 is the class of functions of / on which the operation J 
may be performed ; and finally, 9t denotes the class of functions 
to which the kernel function k(*/) of ((?) must belong. 
The significance of the equations 

(12) yi = 3W«^ 

and 

(13) 9? = (smaw)* 

may now be made clear. The symbol 9W^ denotes the class of 
product functions mi(p)M2(p) of a single variable, of which the 
factors are functions of 9W. On the other hand, the symbol 
(2K2)?) denotes the class of product functions mi(Pi)M2(P2) of two 
variables, of which the factors are functions of 9W; in this latter 
case, pi and p2 are independent variables, each one ranging 
over ^. 

A symbol 9W<t denotes the class of functions obtained by 
adding to 9W, first the functions 



M = «i/*i + 0^2 + • • • + a«M 



n> 



the functions /Xi being arbitrary functions of 9W, and the coef- 
ficients ai being arbitrary numbers from ?t (i. e., arbitrary real 
or complex numbers as the case may be), thus forming the class 
designated as 3)?jc,) and second, the functions 

(14) Mp = lim M,-, 

is CO 

where {/!»} is a sequence of functions jil which converges uni- 
formly to Mp over ^, relatively to a scale function which must be 
taken from 9Wjc« It can easily be shown that if 2K possesses the 
property (Z)), given below, then 9Wx, ^^^ 3W<t possess the same 
property, and uniform convergence relative to the class 9W is the 
same as that relative to 9Wi, or 2K*. Moreover (9W<c)<c = 2)?<c. 

Hence the significance of (12) is that 91 is the totality of func- 
tions v{t) such that 

(120 KO = lim .'.(0, (^;2K»), 
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where {>'»(0} is a sequence of functions 
Vi{i) = aaMti(OM.i(0 + at^iJ^i2{t)fjLi2(t) + • • • + a»»/Xin(OMt..(0> 

the functions Jiij and /x,y being arbitrary functions from ^, and 
the coeflScients aij arbitrary numbers from ?t. The convergence, 
as is indicated, is uniform over ^, relatively to some scale func- 
tion which is the product of two functions of 3K. Similarly, the 
significance of (13) is that JR is the totality of functions K{8t) 
such that 
(13') K(st) = lim Piist), 



where { Vi{9t) ] is a sequence of functions 

I 

1 






The convergence is uniform over the range (^^) (i. e., the range 
of the composite variable s, t) relatively to some function Ji(s)ii(t), 
as a scale function. 

All of the description of the basis, just given, is implied by the 
array (11). In order to develop the complete analysis of the 
equation (G) it is necessary merely to specify certain postulates 
which are to hold for the class of functions 9W, and the opera- 
tion J. 

As to the class of functions SD?, the postulates must be four, 
(L), (C), (Do) and (D) as follows: 

(L) If Mil • • • > fJ^n are functions of 9W, and ai, - • •, an elements 
of 21, then ai/*i + • • • + anfin is a function of SW. 

(C) If {/Xn} represents a sequence of functions of 9W, then the 
limit 

M = lim/xn, (^;aW) 



l»=CO 



is a function of 9W, provided that the convergence is uniform 
relatively to a scale function of SO?. 

(Do) If M is a function of 9W, there must be some real-valued 
nowhere-negative function /xo (which may vary with /x) of 9W, 
such that for every p of ^ 

|m(p) I ^ Mo(p). 
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(D) If {/Xn} represents a sequence of functions of 9W, there 
must be a function m of Tl, and a sequence of numbers [an] of 31 
such that for every p of ^ 

|m«(p) I ^Wnfi(p)\, n = 1, 2, .... 

The postulates (Z) and (C) together may be stated by saying 
that 

The operation J must satisfy two postulates (Z) and (M), as 
follows: 

(L) If J operates on a class of functions ^l, and v, vi, v^ are 

three functions of 9i such that v = aivi + a2P2, then 

J{v) = aiJ(vi) + a^Jivi). 

(M) There exists a functional operation M (called a modvlus) 
on real-valued nowhere-negative functions vo of 9i such that 
M{v^ is a real non-negative number, for which a relation | v{p) \ 
^ j'oCp) holding for every p of ^ implies the relation | J{v) \ 

These postulates suflBce to prove the fundamental properties 
of the obvious generalizations of the Fredholm determinants and 
minors, familiar in the theory of the linear integral equation of 
the second kind. There exists a resolvent kernel X to k which 
is the ratio of two integral functions of the parameter 2, the 
denominator depending on z alone, and not on ^, /, such that 
the relation (the Volterra relation) 

(15) K{8t) + X(*0 = zJuK(8U)\(ut) = zJ„X(^k(wO 

is satisfied. Hence unless 2 is a root of k (i. e., a value which 
makes vanish the denominator of X) there is one and only one 
solution of (6r); it has moreover the form: 

(16) ^ = f - zJ\i. 

Rather than proceed into details which will be trivial to those 
familiar with the theory of integral equation, let us follow Pro- 
fessor Moore in some fundamental generalizations. 
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66. The Equation (G*). The equation (G) with the signifi- 
cance 

(G") fW = v(s) - zJ^K(st)r,{u) 

is suggested by the integral equation of the second kind^ when the 
integral is iterated instead of simple. Thus in the above equa- 
tion, we might have as a special case: 

the 0) being implicitly a part of the definition, in this case. What 
makes (G^) important however is that it possesses a certain 
closure property (called by Moore the closure 'property C%);* 
namely, if it is attempted to generalize ((75) by the same sort of 
process by means of which (G^) was itself suggested, nothing 
new is obtained. The operation 

Jiu9wK(etuv)ri(w), 

with its postulates, is reducible by a mere renaming of the general 
variables to the operation in equation (G^) and its postulates. 
In this sense, the equoMon (G^) contains its own generalization. 

Since in (G*) the J is an operation on functions of two variables 
t, u or pi, P2, the class 9i must be related to 9D? in a different way 
than in Z4* In the basis which is called Zs by Moore, the 
class yi becomes the class (SD?SD?)<t = JR. Hence we may write 
the basis 

(17) 25 = («; ?J; 2»; 9? = (2»SK)*; J on JR to «), 

with the postulates (L), (C), (Do), (D) for SW and the postulates 
(Z), (M) for J; or the same situation may be stated by the 
basis 

(81; ^; aw = aw*; 9? = (2«2»)*; J on 9? to «), 

with the postulates (Dq), (D) for SW, and the postulates (L), (M) 
for J. By putting u = t the equation (G^) reduces to the equa- 
tion (G) with its earlier significance, and the basis Zs to Z4. 

* Moore interprets this closure property in terms of generalized scalar 
(inner) products, which fonn the " skeleton " of the class 1^. 
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It is to be noted that the equation (Cr*), with the postulates 
imposed, encloses as special cases the equations (I), (I In), 
(III), (IV) with the assumptions usually made for those the- 
ories.* This property is called the closure property C\, 

67. The Closure Properties Ci and C4. The equation in the 
significance {G^) is its own generalization also from other points 
of view. Thus if we consider a set of n simultaneous equations 

(18) Jii{s) = 7ii{s) - z Y,jJtuKij(st)rij{u) 

1 

all on the same basis Z5, or on different bases Xi,i= 1, 2, - - -, n, 
they may be replaced by a single equation (G^) on a new basis 2^, 
formed by compounding the old ones in the manner familiar in 
the theory of integral equations. The range ^ of the new Zs 
is the logical sum of the ranges $« of the Zs*^ and a function on 
this ^ determines a function 0i on each of the ranges ^..f The 
range ^^ becomes therefore the logical sum of the n* product 
ranges ^t^y, etc. 

The closure property specified in the preceding paragraph, 
indicated as Ca, is equivalent to the passage from (I) to (Iln)- 
On account of the lack of necessity for postulates of order in the 
domain of the independent variable, this generalization when 
applied to (G*) yields, as we have said, merely another equation 
(G*). A further type of self-contained generalization, by what 
Moore calls *-composition, constitutes the closure property C4. 
This ingenious generalization is suggested by that from Z4 to Zs 
or perhaps from a basis of (I) to £5. 

Given the system of bases S*, with a common class ?t, the 
composite basis 2)i...n4e is determined as follows. The class 9 
of 2* is the common ?t for the 2*; the range ^ for 2* is the 
range in n variables given as the product range of ^1, • • •, ^,. 
The class 3)? on $ is the class of the functions of n variables 

2»= (2«i2W2---2»n)*, 

* A detailed exposition of this closure property is given in the paper by O. 
Bolza already cited. 

t The ranges $» need not of course be distinct. The range $1, for instance, 
may consist merely of a subset of elements from the range $t. 
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and the class dt on the range $$ is the class of functions of 2n 
variables 

As for the operation J, that is let become of the type of an 
iterated operation 

Jk = J1J2 • • • JnK. 

The postulates of Art. 66 holding for each of the bases 2* imply 
the same postulates for the new basis 2i...n<t, and thus the new 
equation as developed is merely an instance of the original (G*). 

Numerous instances suggest themselves. As a special case^ 
(G*) contains the equation 

— Zj[,u,' ' ' J['^uM^V "Sn,tl" •/n)l7(Wl- ••!*«). 

If the basis for (//») is combined with the basis for {(?), the 
resulting equation is as follows:* 

(20) {(w) = riiis) - z ^j'JtuK{i8Jt)ri{ju), i =1, 2, • • -, n; 

1 

and if the basis for (///) is combined with that for (G*) there 
results a theory of the infinite system of equations 

^{is) = 7j{is) — 2 J2jJtuKiisji)ri(ju), t = 1, 2, 3, • • •. 

1 

This obviously contains as a special case a theory for an infinite 
system of linear differential equations, in an infinite number of 
unknowns and one independent variable. 

68. Mixed Linear Equations. A practical consequence of the 
closure property C3 is that (G*) contains as a special case the 
mixed linear equation; in particular, the mixed linear integral 
equation, treated most significantly by W. A. Hurwitz.f This 

* Equation (20) appears also under the closure property C$. 
t W. A. Hurwitz, Transactions of the American Mathematical Society, vol. 
16 (1915), pp. 121-133. 
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equation may be studied in the form 

n 

(21) ^= ri- z Y^jJjKjfi, 

1 

where the ranges $y may be taken as identical. In E. H. 
Moore's treatment this equation is taken as an example of a 
system of equations of the form (18), where the n equations are 
identical. It is therefore a special case of the equation (G^). 

The adjoint of (G^), which may be conveniently studied with 
it, is the equation 

(22) 1(0 = ^(0 - zJr.K{8tMr). 

In the case of the equation (21) the adjoint is therefore a whole 
systepi of equations; it is moreover of the character specified 
by Hurwitz. In order however to obtain completely the form 
given by Hurwitz it would be necessary to generalize his theory 
of the pseudo resolvent* 

69. Further Developments. In the equation (G^) the class 9t 
of the functions k has been defined over the range ^^. It is 
pointed out by Moore that there is no reason why s and t in K{st) 
should have the same range. In fact, if the range of the func- 
tions of_9W is ^, the range of the functions of 9t may be ^^, 
where ^ is independent of ^. This is the furthest point to 
which the generalization of the Fredholm theory, that is, the 
theory of the integral equation of the second kind, is carried. 

This last form of generalization is impossible for the theory of 
the integral equation of the first kind (the Hilbert-Schmidt 
theory). Here the basis Zs must be adhered to, and it is neces- 
sary to introduce the characteristic postulate of the symmetry 
of K^st) if K{8t) is real, or, if K(8t) is complex, that Kits) shall be 
the conjugate complex quantity to K(st). 

It is obvious that many theories may be amalgamated with 
the developments of this generalization. Thus some of the 
theory of linear and non-linear differential equations, and the 
theory of permutable functions may be so translated. Such 
generalizations are useful, but are apt to be somewhat facile. 

♦ W. A. Hurwitz, ibid., vol. 13 (1912), p. 408. 
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The consequence of specialization of the range of the general 
variable, say by the introduction of concepts like that of dis- 
tance,* is however the subject of fruitful study. 

70. The Content of the Operation J. So far the operation J 
has been defined by postulates, and not explicitly. In order to 
get some idea of its generality for a given range of the general 
' variable, let us choose the range as the most familiar one, namely, 
the one-dimensional continuum. Let us assume that the class ^ 
contains (or can be extended by definition to contain) the totality 
of continuous functions over this range, which we may take to 
be the interval ab. In this case, the operation is merely a Stielijes 
integral: 

(23) JiuK(st)ri(u) = rri(t)dta(st). 

In fact from the dominance property (Do) and the modular 
property (M) it follows that if s is given a constant value ^o^ 
and 1 17(0 1 < 1, then there is a constant C,^ such that 

I JtuKMfiW I < a,. 

Hence for every iy it follows by the linearity property (L) that 
the inequality 

(24) I JtuK(st)fi(u) I < C. max I iy I 

a 

is satisfied. This and the linearity property constitute the two 
Riesz conditions of Art. 40, and our statement is therefore 
proved. 

We may express a{st) directly in terms of K{st). Either side of 
(23) is a linear functional of 1;, which we may denote by 

a 

* Besides the references to Moore, see papers by Fr6ch€t, and Pitcher, e. 
g.. Pitcher, American Journal of MalhemalicSf vol. 36 (1914), pp. 261-266, 
where the literature is given. The fundamental memoir on this subject is 
Frdchet's Thesis, already cited. 
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If now, as in Lecture III, equation (23), we define 

fu,ut =1, Ui<U^ t/j, 

= 0, otherwise, etc., 
and also define the new symbol 

(25) JtuK{9t) = r[/„,j, ^tuK(st) = r[/aj, 

•»i a a a 

then we have 

(26) ainh) — oc{sui) = JtuKist), a(«ij) = Jtufcist), 

which gives us a in terms of k. 

Let us now divide the interval ab into sub-intervals by points 
a == Uq, ui, • • •, t/» = 6, and let Sihe a, point in the region t/<-i 
< 8i < Ui. On account of the continuity of the linear func- 
tional, the following equation may be deduced : 

(27) Jtufc{ut) = lim ]C»(«(*»'W») "" «(*,-tii-i)). 



The left-hand member of (27) is one of the constituents of the 
Fredholm determinant, corresponding to I K{U)dt in the theory 
of integral equations.* 

§ 3. The Theory of Permutable Functions, and 
Combinations of Integrals 

71. The Associative Combinations of the First and Second 
Kinds. In this second form of generalization of the theory of 
integral equations, what is of primary importance is an associa- 
tive combination of integrals. In fact, Volterra's theory rests 
upon the identity 

I dsiKi(rsi) I K2i9iS2)Kz(s28)ds2 

= J J Ki(rsi)Ki{siS2)dsi Kz{s2s)ds2, 

* See footnote at end of Art. 62. 
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and as a special case, putting Kiirs) = when s > r, 

(29) r^ V r^ n 

= J J Ki{rsi)K2{siS2)d8i Kz{82?)dst. 

This last equation is sometimes called Dirichlet's formiUa,* and 
may of course be established directly. If we define 

(30) K1K2 = J Ki{rsi)K2{sis)dsi 
or 

(31) K1K2 = f Ki(rsi)K2isis)dsu 

which are respectively the combinations of the second and first 
kinds, we shall have by (28) and (29) the equation 

(32) Ki(K2Kz) = {KrK2)K^, 

which is the associative law for these symbolic products, t 
The hypothesis of commutativity, if it is made, 

(33) K1K2 = K2K1, 

is Vol terra's condition of permviability.t If two functions are 
permviable with a third y they are permutable with each other. ^ 

* U. Dini, Lezioni di analisi iDfinitesimale, Pisa, vol. 2, p. 925. 

t In terms of Moore's General Analysis, if in (G*) we introduce a parameter 
r, we may regard Jfic(8t)7i(ur) as a symbolic product of the functions xisr) 
and 17 («r). If we restrict ourselves to the same operation / and class 9R, 
and various kernels «, co, 17, etc., the succession of two applications of the 
operation turns out to be commutative (see the article by Moore on which 
this lecture is based, also Hildebrand, Transaciiaru of the American Maihe-' 
matical Society , vol. 18 (1917), pp. 73-96). Hence the triple product kwi| 
is associative, and the theory of Volterra's generalization may be extended to 
the General Analysis. 

t Volterra, Rendiconii della R, Ace. dei Lincei, vol. 19 (1910), 1st sem.y 
pp. 169-180. 

§ Vessiot, Comptes RenduSf vol. 154 (1912), pp. 682-684. A comprehensive 
study of permutable functions, with special reference to the case when the 
functions are analytic in r and s has been given by J. P6r^, Sur les fonctions 
permutables de premiere esp^ce de M. Vito Volterra, Thtee, no. d'ordre: 
1567, Paris (1915). 
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72. The Algebra of Permutable and Non-Permutable Func- 
tions. In order to facilitate the inverse operation corresponding 
to division, we abandon slightly Volterra's notation and intro- 
duce complex quantities 

K = k + jK(rs), 

^ = u + jU{rs), 

etc., where k and m are constants, and K and U are functions of 
r, s as indicated. We say that k = ^itk = u and K{r8) = U{rs), 
and define the zero element and the addition and subtraction of 
elements in the usual way. In the quantity k we speak of k as 
the ordinary coefficierU and K{rs) as the functional coefficierU; 
and if the ordinary coefficient vanishes we speak of k as sl function 
of nullity. Both k and K may contain extra parameters x,y, • • • , 
which do not enter into the functional operation, now to be 
described. 
We define the product 

(34) ic{ = Jfcw + j{kU(rs) + uK{rs) + f K{rsi)U{sis)d8i], 

where the integral sign denotes the combination of the first or 
second kind according to the algebra we are treating; if neces- 
sary to distinguish between these two products we may denote 
them by [k^]i and [kQ% respectively, or make use of the symbols 

j KU, j KU, j U"*, etc. Generally, we shall not need to im- 
pose a condition of permutability on the functions involved, and 
so we shall be using an algebra which does not contain the com- 
mutative property. The associative law for multiplication is 
however always satisfied, as well as the distributive. 

We shall have both left-handed and right-handed division. 
Ill the algebra of the first kind, division by a function k, not of 
nullity, is equivalent, by the definition of equality, to first an 
ordinary division (to satisfy the relation among the ordinary 
coefficients), and second, the resolution of an integral equation 
of the second kind of Volterra type. This resolution is always 
possible and unique, provided that the functions are finite 
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(\K{rs) I ^ Mj[), and continuous. In order to obtain the same 
unique result in the algebra of the second kind (which depends 
upon solving a Fredholm equation), we assume that every func- 
tional coefficient K{rs) or U(rs) contains a parameter^ say X, in 
such a way that the inequality 

(35) I K{r8) I ^ XJIf jc, Mj[ a constant, 

is satisfied; and we consider values of X in the neighborhood of 
X= 0(\\\<kKb-a)M^).* 

The idemfactor exists in both algebras, and has the value 
1 + jO. If we do not make the assumption of permutability, 
all the laws of algebraf are satisfied except the commutative law, 
with the proviso that division by a function of nullity corre- 
sponds to division by zero. // we make the assumption of per- 
mutability y the results of the algebraic operations yield again per^ 
mutable functions ^ and all the laws of elementary algebra are satis- 
fved\ in fad the symbolic algebra of the quantities ic, {, • • • is 
isomorphic with the algebra of their ordinary coeffifiients, k, u, • • • . 

In particular, we can apply to these generalized integral 
equations the theory of Lagrange. The equations of degrees 1, 
2, 3, 4 can be solved by making use of binomial equations as 
resolvents.t 

73. The Volterra Relation and Reciprocal Functions. The 
Volterra relation is that which holds between a given kernel and 
the kernel of the resolvent integral equation, and may be written 
in the form 

(36) K{rs) + K\rs) = fKK'. 

* Or values of X which are not special parameter values for the functions 
concerned. See C. E. Seely, Certain Non-Linear Integral Equations, Disserta- 
tion, Lancaster (1914). 

t See for instance Huntington, Annals of Mathematical 2d series, vol. 8 
(1906). It must be remembered that in a non-commutative algebra 



ab \b)\a)' 



X The solution of binomial equations depends upon e]q)ansion in series; 
see Art. 75, below. 
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The functions K and K' we shall speak of as reciprocal-, they will 
be pennutable. If now, we write 

(37) ic = 1 - jK{r8\ ic' = 1 - jK\r8), 

equation (36) takes on the special form 

(370 kk' = 1. 

On account of the permutability of K and K' we have also 

k'k = 1. 

Let us, by putting a bar over a function, denote the function 
reciprocal to it. The formula for division in general may be 
expressed simply, in terms of this notation. In fact, we have 

1 1 



(38) \ ''{ u ^ ^ 



u '' u\ u ^ ' ) 
Moreover by writing (36) in the form 

iKijB) + iK{rB) = jK(rs)jK{rs) 
we get the formula 
(380 mrs) = j^^^ . 

Let Uv'Um be continuous functions of r, 8, permutable 
among themselves or not, and let Ui, • • • , Um be the reciprocal 
functions. Then the functions U and F, defined by the equa- 
tions 

jC^ = 1 - (1 - jUiTil - jUiY^' . . (1 - jUn.Y-{l - jUfnY-, 

^^^^ jF = 1 - (1 - iUn.y-{\ - jUn^Y-^ • • (1 - jc^i)^(i - ic^l)^ 

where the p,-, g< are arbitrary integers, positive or negative, are 
reciprocal functions. In fact it may be at once verified that we 
have 

(1 - jcod - jv) = (1 - iF)(i - m = 1. 

9 
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In particular, if Ki(rs) and Kiirs) are two continuous functions, 
and Ki and K% are their reciprocal functions ^ then the functions 

K{rs) = Ki(rs) + K^{rs) - f Ki(rsi)Kt{sis)dsu 

(40) _ . . r- - 

K{rs) = Ki{rs) + K^irs) - J K2{rs{)Ki{sis)dsi 

are reciprocal.* 

This theorem has some interesting special cases. If we take 
Ki = U and -S^j = — C7, we get from (40) : 

K{rs) ^ f U(rs{)Uisis)dsu 

K{rs) = U{rs) + (- U{rs)) - / C^(r^i)(- U{sxs))dsx. 



But if we form jC/jC" t/) by (38'), we have 



fU{rsi)(- U{s,s))dsi = [f mrsi)Uisis)dsi) == K{rs), 

and combining this with the previous result, we find that the 
reciprocal function to f U(rsi) U{sis)dsi is J { U(rs) + (— U{rs)) } . 

If ^1 and K2 are orthogonal, i. e., if J K1K2 = 0, equation 

(380 tells us that Ki and K2 are orthogonal. Hence from (40), 
if isLi and K2 are orthogonal functions, the reciprocal function to 



If X is not a root (characteristic value) of ^1 or K2 (that is, 
a value for which Ki or K2 fails to exist) then it is not a root of 

the function Ki + K2 ^ J K1K2. 

74. Fredholm's Theorem of Multiplication. In this article let 
us disregard temporarily the parameter X and the condition (35). 

* This theorem is implied by a remark of Fredhohn that the transformations 
of the form S/M = ^(x) — J f(x8)^(8)d8 form a group, the product trans- 
formation Sf = SgSf being given by F = f + g •}• J gf; see the fundamental 

memoir, Ada Mathematicaf vol. 27, p. 372. 

t Lalesco, Thdorie des Equations int^grales, Paris (1912), p. 41. 
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The functions D{r8) and D defined by Fredholm, 
Dir.) = K(rs)-£K{2)ds^ 

z) = 1 - £Kis.sr)d.. + iff K (;;^;) dsrds.--, 

serve to express the resolvent kernel in the form 

D{rs) 



(42) K{r,) = - 



D 



moreover, if we form the variation SK of K (e. g., {dK/d\)dk), 
we have the formula* 



(43) 



8\ogD= jdslSKiss)- f K{s8i)SK(sis)d8i. 



This may be written in the form 

(430 81ogZ)= r {{1 - jK)jdK]r^ds. 

• 'a 

If we have any two functions <p{rs) and ^(w), we may verify 
directly the formula 

Hence (43) may also be written in the form 

(43") 8 log Z) = J* {JSK{1 - jK)]r^^. 

Consider now the expression (430 when K == Ki + Kt 
— f KiK%. We have by direct differentiation: 

8K={1- jK{)jdK2 + j6Ki{l - JK2); 

• Fredholm, loc. cit., p. 380. 
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hence (430 becomes 

« log Z) = J* { (1 - i^ (1 - jKi)j8Kt 

+ (1 - jK)jSKi(l - jKt) \r^A». 
the last term of which, by (44), may be written 

But, by (40), we have 

1-JK={1- jKi)a - jKi), 
and therefore, making this substitution, 

5 log Z) = f {(1 - 3Ki)jhKt\r.^ + r [jhKi{\ - i^i)}«<fa, 

%Ja •Ja 

or, by (430 and (43"), 

8 log Z) = 8 log Di+h log D2. 
Hence 

log D — log DJ)^ = const. 

If we replace Ki by fxKi and K% by 11X2, and write this equa- 
tion for fjL = 0, we find Z) = Z)i = Z)2 = 1, and this constant is 
zero; therefore for/i = 1 we have 

(45) D = D1D2, 

which is Fredholm's theorem of multiplication. 

If K{rs) is an integral analytic function of a parameter X, then 
DQs) and D(rs\) will be integral analytic functions of X, without 
regard to (35). The equation (43') will then take the form 

^logZ>(X)=f{(l-i^ifLcfc. 

Hence if K\ and Kt are integral analytic functions of a parameter 
\,andK = K1 + K2- f KiKt, then 

(45') i)(X) = Z)i(X)Z),(X). 
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and 

D(r8\) = D^QODiirsX) + Z)i(X)Z)2(r*X) 

(45'0 



+ 



I D2(rsi\)Di{8is\)d8i. 



75. Developments in Series. Volterra's fundamental theorem 
upon the convergence of series of symbolic powers, the combina- 
tion being of the first or second kind, is that if the series 

(46) oo + oiz + 02^ + • • • 

is convergent for some value of z ^ 0, then the series 

Oo + aizfirs) + a^ f f{rsi)f{sis)dsi 
(460 . r 

+ ^^J J fi^^l)fi9l92)f(^2S)d8idS2 + • • • , 

where f{rs) is any finite continiums function, is convergent for all 
values of z, if the integral combination is of the first kind (variable 
limits), and for sufficiently small values of z if the combination is 
of the second kind (constarU limits). By means of this theorem, 
new transcendental functions, with special applications to 
integro-differential equations, may be defined and treated. 

The corresponding theorem for symbolic power series in func- 
tions { = 1/ + jU{rs) contains this theorem as a special case. 
For the combination of the second kind, we assume the con- 
dition (35). 

Theorem. Given the power series in u, 

(47) ao + aiu + a2U^ + • • • > 

convergent for \u\^ p,the symbolic power series 

(470 flo + aif + 02^ + • • • 

in which J = w + jU(rs) will be convergent for |w| ^ p', however 
large M^ may be, provided thai p' < p. 

The theorem can be verified at once for combinations of the 
second kind. In fact, if we choose a positive quantity x so that 
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at the same time, 2 > 1 and 2 > 16 — al, we shall have 



U{rt) < XxM, M = Ma, 
• |{*|<(p' + Xx3f)', 

and so if |X|^ (p — p')/xM, we shall have |{*!^ p*, and the 
series will be absolutely convergent (and uniformly with respect 
to the variables xy). 
On the other hand, if the equation is of the first kind, we have 



whence 

where 

Ft- p + kp' M+ •'■ + jui 



i\{i- 1)1(4- t)! 

+ • • • + 



(t- 1)!' 

X being greater than | b — a | (the variables r and s are contained 
between limits a and 6). If we choose a p" so that p' < p" < p, 
the original series will be dominated by the series 

*=1 p" 

where P is some constant. 

If we split the expression for Pj^-i after the t + 1st term, we 
shall have 

P ^ , k-\-l Mx{k+\) 

as is easily verified. Hence 

p'T^^p'^'^Jfc+l-i'^ p" i« • 

But we can choose t as a function of A: so that each of the last two 
terms vanishes as k becomes infinite,* and therefore 

lim -^ < 1, 

* For example, take i as the nearest integer to h^. 
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and the dominating series is convergent. Thus the theorem is 
proved. 

The theorem can now be extended to the case where the coef- 
ficients Gk are no longer constants, but may be of the form 
ak + jAk{rs). 

Theorem. The two series 

ao+ fai+ ^oti+ •••, 

in which ai = a» + jAi{rs), f = w + jU{rs), are convergent for 
\u\^ p' {uniformly in rs), however large M^ may he, provided that 
the series 

ao + ociu + aiu^ + • • • 

is convergent for u = p, with p' < p, and remains finite ^ P 
for u ^ p and r, s arbitrary within ab. 

76. Extension of Analytic Functions. The convergence the- 
orems just obtained enable us to generalize without further 
proof every analytic function, together with whatever properties 
may be established by a comparison of power series. Thus the 
relations between sin m, cos u, e^ may be generalized; the addi- 
tion theorems, the moduli of periodicity, certain integro-differ- 
ential equations which the functions satisfy may also be written 
immediately for such functions and for the functions. 

We define 

(48) e^= l + € + |j+ .... 

This series in the theory of functions of a complex variable is 
convergent for all values of the variable; hence in the present 
case, the series (48) is convergent for all values of X, u, M^. We 
have 

(49) g^+' = e^e^. 

(50) e^+**'* = e^ m = db 1, db 2, . . . . 

From (49) it follows that e^ cannot vanish (identically, of 
course, in r, s) for any limited function fo = tio + jU{rs). For 
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^i+io =|r 0, and if we should have «*® = 0, then 

e^ = e^- V« = 0. 

From the addition theorem (49) we have 

Hence if we denote the functional coefficient of e^ by jB(t^, IT), 
we shall have by (49), 

E{:a, U) = g~JS;(0, U), 
where 

E{0, U) = U{rs)+Yifu{rs{)U{sir)d8i 
(51) 

+ ^! // ^('•^i) ^(^1*2) C^(^«*)^i^t + • • • • 

We may write 

(510 e^ = e-(l + i£(0, U)). 

It can be shown that the only modulus of periodicity possessed 
by e^ is the one already given, namely ?7o = 0, tio = 2irt. Hence 
the function E(fi, U), considered as a functional of U, has no 
period. It cannot vanish unless C/^ = 0. 

If we substitute (510 into the addition theorem (49) we obtain 
the addition theorem for E{0, U), 

£(0, U+V) = E{0, U) + £(0, V) 

(52) . 

+ /£(0, U(rsi))E{0, V(sis))dsi. 

The function E(0, zU), in accordance with (51), was defined by 
Volterra and considered as a transcendental function of z, with 
the addition theorem corresponding to (52). It has no period 
in z and cannot vanish unless 2=0. This function sometimes 
is called the Volterra transcendental. 

The addition theorem for E{0, U) reduces to the Volterra rela- 
tion if V is put equal to — U. Hence, given the function U, the 
two quantities — E(0, U), — E{0, — U) are reciprocal functions. 

The theory of the extended functions depends directly on 
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the theory of the function E{0, U). In fact, we define 

with { = 1/ + jU{rs), j8 = 6 + jB(rs), and assume the real part 
of 6 to be negative. 

77. Integro-Differential Equations of Static Type, and Green's 
Theorem. If we let our functions f , etc., contain parameters 
X, y, • • •, distinct from the variables r, s, and introduce differ- 
ential operators with regard to these variables, we have the 
formula 

dx ^^'^'^ " ^' dx + dx ^" 

• 
with or without a hypothesis of permutability. The equations 

which involve symbolic differentiation formulae of this sort 

yield a claSs of integro-differential equations with the variables 

of integration distinct from those of differentiation. They may 

be called of static type, since they were first applied to the problem 

of static hysteresis, and the analysis of slow motion. 

We may treat the general linear differential expression of this 

sort. Thus, if we have the expression of the second order 

32f d^t ^2^ 

with 

f = u(xy) +jU{xy\rs), 

otik = aik{xy) + jAik(xy\rs), etc., 
we define the adjoint expression 

MM = aJ /3ii + 2 -Q-^ ^1. + A ^22 

(54) a a 
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with 

(55) ^'^^^^W"" ^'^-^l^+^W'"" 

'^ da? "^ ^dxdy'^ df dx dy "^ ^' 

The formulae for M{yi) and its coeflScients are the well-known 
ones for differential equations, except that attention is paid to 
the order of the factors, to avoid the necessity of a hypothesis 
of permutability. 
If we write 






€ 



/ dan Qotit \ . 

(56) 

we have Lagrange's identity: 

(57) i7L(J) - Mm =3^+3^' 
and Green's theorem: 

(58) 1 I [i;iC{) — M(ri)Qdxdy = I [Si cos x, n + 8% cos y, n](&. 

The equivalent of this theorem was given first by Volterra for 
the integro-differential equation appearing as a generalization of 
Laplace's equation in three dimensions. In two dimensions, 
the equation is obtained by writing 

an = 1 + jAn(rs), 0^22 = 1 + i-422(r*), 
(59) 

OC12 = ai = ai = a = {). 
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The use of a function analogous to the Green's function was also 
pointed out, based on a particular solution analogous to log r*. 

78. The Method of Particular Solutions. The method of particular solu- 
tions may be generalized not only to the integro-differential equations we are 
now discussing, but also to those where the same variable appears in both 
differentiation and integration, f Consider however, as an example, the 
generalization of Laplace's equation which we have already mentioned: 

(690 -i + -«g-0. 

which may for combinations of the second kind be written explicitly in the 
form 

We proceed to obtain the solution of this equation, of form jU(xy \ rs), which 
vanishes when x = 0, when z ^ c, and when y ^ d, and takes on the values 

C;(x0 1 r«) = /(xr«) 
when y = 0. 

If we write /5i* = an, fi^ = an where /5i = 1 +jBi{r8), /5j = 1 +jBt{r8), 
the function 

c * — c * . mxx 

^- = iii^ =iii?5 sin — -, 

in which 

/5 = ~/5i - 1+B(r«), 

will be a particular solution of (59') which vanishes for x « 0, x » c, y » d 
and takes on the value sin mrx/c for y » 0. The function 

CO 
1 

with 



2 f V . mxx , 



will be the solution which takes on given values for y "= 0, assuming the 
necessary conditions for convergence. Our problem is solved if we let 

*The special case in which I describe this function as reducing to the 
ordinary Green's function is invalid (RendicorUi dd Circolo McUenuUico di 
Palermo f vol. 34, p. 25). 

t Volterra, RendicorUi deUa R. Accademia dei Lincei, vol. 21, 2d semester, 
p. 1; Evans, ibid., p. 25. 
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In case the length d is allowed to become infinite, the solution takes the 
form 

U(xy\r8) =S-.c *^ 4 Pmira) 
(60) » I 

+ />(o,^^B(rO)p.(te)dt}sin^. 
with 

i'mCr*) = - J^ /(aT«) sm -^ dx. 

Instead of constant limits ab in (59") and (60) we may of course use variable 
limits sr. It is noticeable that the variable 8 takes merely the role of a param- 
eter in both (59") and (60), and so the solution may be regarded merely 
as a function of the three variables x, y, r, the 8 being omitted. 

79. The Cauchy Problem for Integro- Differential Equations. Consider the 
system of partial equations 

where the F< are analytic functions of their first 2n + 2 arguments, in a 
certain (2n + 2)-dimensional neighborhood, with coefficients which are con- 
tinuous functions of r and 8 (a ^ r < 6, a < « ^ 6). The (2n + 2)-dimen- 
sional neighborhood is to include the values determined by the ordinary coef- 
ficients of certain given functions ^i°(x | r«), • • •, ^n^(x \ r«), which are analytic 
in X in the neighborhood of a; = 0. These functions are assumed to contain a 
parameter X in accordance with (35). 

Theorem. There is one and only one system of soltUions ^i, • • •, ^n of (61) 
which are analytic at the origin in x and y, and which, for ^ *== 0, lake on the 
given values ^i®, • • • , ^„®. 

The proof of this theorem is based on the convergence theorem already 
given. It serves as a generalization of some of Volterra's theorems which 
establish the existence of what corresponds to general and complete integrals 
of integro-differential equations of this. type. The unique determination of 
these solutions by initial conditions depends however on the theory of division 
developed in terms of the complex algebra. 

If the coefficients (as functions of r, s) of the F» are permutable among them- 
selves and with the functions ^i®, • • • , ^n°, the solutions will be permutable 
with those coefficients and with each other. 

Any integro-differential equation of static type, if it can be solved for the 
highest derivative with respect to y, can be rewritten in the form (61). In 
particular, the equation described in (59), (59'), or (59") may be reduced to 
that form unless A2iirs) fails to have a resolvent kernel. Hence if Dao + 0, 
(59") has a unique analytic solution which with its first derivative in regard to 
y is arbitrarily assigned (analytically in x) on the x-axis. 

In general, to reduce an integro-differential equation to symbolic form 
involves substituting the quantity ^ = jU for the unknown U(xy\r8). In 
the symbolic form, we are interested, therefore, mainly in solutions of nullity. 
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This remark has bearing in connection with the theory of characierisiics. 
Consider the equation of the second order, linear in the derivatives of highest 
order: 

(62) „..g + 2a„£l + a„g + X.O, 

the quantities am an, an, X being functions of (, d^/dx, d^/dpf x, y, r, s of the 
type previously specified, with the region of analyticity as the neighborhood of 
the analytic curve y » v>(x). We assume that along this curve we are given ( 
and d^/dy, or what amounts to the same thing, (, d^/dx, d^/dy as analytic 
functions of x. 

Precisely as in the theory of differential equations,* by expressing d'^/dx" 
and &^^/dx dy for points on y '^ ^(x) in terms of d^ \ dy and dl^^/d^t we have 
from (62), as the equation for the determination of d*^/dy*t the following: 

(63) r^M + n = 0, 
in which 



(64) 



r»a„(|)'-2«.,| + «.., 



where d/dx refers to differentiation along the curve, and (i and ^s denote 
d^/dx and d^/dy respectively. In these equations it is important to preserve 
the order of all quantities that involve the 7, so as not to necessitate the intro- 
duction of a hypothesis of permutability. 

The equation (63) enables us to determine (n unless F = g +jG\BSk func- 
tion of nullity at some point of the curve y =• <p(x); i. e., unless 

(65) (7 « 0. 

The curves defined by (65) may be called the ordinary characteristics of the 
integro-differential equation. On account of the way the symbolic equation 
is formed from the integro-differential equation, equation (65), which involves 
no functional coefficients, is a pure differential equation, and is independent 
of the solution ^ =^jU, The ordinary characteristics are independent of the 
soliUion of the integro-differential equcUion, and depend merely on its coefficienis. 

If we make an analytic transformation of the independent variables x, y 
which reduces the curve y = fp{x) to the x-axis, it is inunediately verifiable 
that a sufficient condition that the transformed equation be solvable for 
d'^/dy* is that the curve y — ip{x) be nowhere tangent to an ordinary char- 
acteristic. If y = *p(x) is nowhere tangent to an ordinary characteristic^ the 
given values of U and dU/dy uniquely determine a soliUion of the integro-differ- 
ential equcUion. 

On the other hand, this condition is not necessary, since it is sometimes 
possible to divide by a function of nullity. It may happen that every curve 
in the plane is an ordinary characteristic, and yet that given values of U and 

* Hadamard, Legons sur la propogation des ondes, Paris (1913), chap. 7. 
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dU/dy uniquely determine a solution in the neighborhood of y » p(x). For 
the equation, by differentiation or perhaps in other ways, may be transformed 
into one with definite ordinary characteristics to which y = ^(x) is nowhere 
tangent. 

If, however, along an ordinary characteristic we are able to determine ( bo 
that the functional coefficient of F shall vanish: 

(66) (7=0, 

the solution and its derivatives will be defined all along the characteristic, 
provided they are defined at a single point of it. 

80. Functions of Nullity. In general, as in the preceding para- 
graphs, the region between necessary and sufficient conditions is 
filled by the theory of functions of nullity. The difficulty of this 
theory is commensurate with that of the integral equation of 
the first kind, on which it is based. 

Volterra has given a comprehensive treatment of this subject, 
for the combination of the first kind, of wider import than its 
sub-title in these lectures suggests. Consider then, without 
regard to the complex units, the combination 

(67) 4^ = 9i> = j g(rsi)<p(sis)dsu 

according to the notation of Volterra. The mth power of / is 
thus obviously defined. 
If m is such that 

(68) ^(r^) = (r - s^rs), 

with f{rs) continuous and f{ss) 4= 0, ^ is said to be a funciion of 
order m + 1. In (68), f{rs) is called the characteristic of ^(r*), 
and }{rr) is called its diagonal. 

The product in the above sense of a function of order m and a 
function of order nis of order m + w, and the mth power of a funC" 
tion of order nis of order mn. 

The solution of the equation 

allows us to define /^^^. In fact if/ is of order 1,/^'^ is of order J, 
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i. e., becomes infinite to the order ^ as r approaches s. Similarly 
Z^'" may be defined, and turns out to be of order 1/n, i. e., to 

become infinite like (s — r)**"^^". There will be n quantities /^'", 

obtained by multiplying one of them by the nth roots of unity. 

• • • • 

These functions, /^,/^'", and also/*"^" = (/^ '**)**, turn out to be 

permutable with / itself. Since two functions permutable with a 

third are permutable with each other, the functions permutable 

with a given function form what may be called a group of pet" 

mviable functions. Given a function of order 1 we have therefore 

seen how to fi/tvi a function of any assigned rational order which 

belongs to its group. 

If/ is a function of a certain order a, whose diagonal is positive, 

then we have 

/~/n= (r- ^)'»*/»»-ii (^* -)> 

where the function L is the characteristic, taken with a positive 
diagonal. Suppose that as m/n approaches z, L(rs\m/n) ap- 
proaches some function L(rs\z) uniformly; then if z is irrational, 
we define 

f' = lim /*'". 

On this basis it can be shown that all the algebraic calculus of 
positive exponents becomes extensible to the theory of powers of 
composition, and we have 

(69) 

in-' = r\ 



• • 



Further elements //^,/"S/o can be defined so as to be included 
in a group of permutable functions; they no longer all denote 
functions in the ordinary sense, but serve as abstract elements 
which may be used in calculation according to the commutative, 
distributive and associative laws, and serve to lead from func- 
tions which have a real meaning in the ordinary sense to others 
which have also a real meaning by means of these formal processes. 
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Thus the function 

F[f]rP+f+^iP+i-if+--- 

may be defined; for which, as in Art. 76, there is the formal addi- 
tion theorem 

Flf+ 9>] = F[/]F[^], 

/ and <p being two functions of the same group, and the peri- 
odicity property 

F[f+2Tifo] = F[h 

formal properties which however become actual upon combina- 
tion with other functions of the same group. 

Given a function <p of definite positive order, we have the series 

••• ?^"', r^ ?>-s ?>^ ^, ?>^ ^^ ••• 

which may be called a progression of composition, with ratio or 
base <p. The exponents are called the logarithms of composition. 
The study of these logarithms leads to a new category of integral 
equations and to the solution of these equations. 

Foot-note to p. 73 : 

In the first rank should be a reference to C. W. Oseen, with whose work 
the author was unfamiliar until the above lectures were in proof. See C. W. 
Oseen, tlber die Bedeutung der Integralgleichungen in der Theorle der 
Bewegung einer reibenden, unzusammendriickbaren Fltissigkeit, Arkw fdr 
Matematik, Astronomi och Fysik, Band 6 (1911), No. 23. Here an extension 
of the corresponding Green's theorem is given. 
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On page 35 in equation (9') change y to a. In all the formulae 
and equations following on page 35 change 7 to /3 and /3 to a. 
On page 37 in equation (12) change 7 to jS and jS to a. 
On page 39 in the second equation there should be an t as a 
factor of each of the last two terms of the integrand. 

Note to Art. 27 Lecture II. 

The approach to the analog of Green's theorem is more clear 
if done in the following way, and bears more relation to the 
development with which we are familiar in calculus. The 
meaning of equations (17) to (20) is perhaps not clear, as the 
equations stand. But the invariant /^♦j*,/ defined by (21): 

(21) {w X v\)n^^, = w, X WW 

which may be rewritten in the new forms: 

^w = OS.W'i) {^'W,') + (a-IFi) (a-WV) 

= - 08-JFi) (a.RV) + (a-JTi) (^-HV) 

as we see below, bears a noticeable relation to the scalar product 
of two gradients which is subjected to the familiar analysis of 
Green's theorem. 

The forms just written however do not lend themselves to 
the customary integration by parts. Let us then in these for- 
mulae replace the part which refers to say Wi and W2 by functions 
(Pi and <p2 which depend on them (retaining meanwhile the quan- 
tities Wi and W2) and seek to write //^♦^♦i/ in the form : 

or more generally, introducing an arbitrary point function 

k(x t/ z) 

(22)' ' kIh,*,>=Wi'-V<Pi+W2'v<P2 

Green's theorem is merely the result of integrating both sides of 
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(22) over a three dimensional region^ and reducing the right 
hand member by an integration by parts. 

What conditions must ^, ^ satisfy in order to make possible 
the equation (22)? A short analysis shows that a necessary 
and sufficient condition is given by equation (17), which may be 
deduced directly, starting from this point of view. 

The analysis follows. In the first place, by making use of the 
identities (see (8) page 34) 

Wi = Vi aWi + Fa P-W^ TfV = Fia- W + Fj fiWt' 
we have 

H\ X nV = (Fi X FOKa-IFi) (/?• W) - (fi'Wi) (a-JF,')} 
whence, from the definition (21), 

^♦,v = - iP'Wi) (a. W) + (a-Wi) OJ. W) 

By the condition of isogeneity (10")> we get the other new form 
mentioned for H^^^^^, as well as additional ones of the same char- 
acter. 

The equation just written, by comparison with (22), gives 
us the equation 

In the right hand member the following substitutions may be 
made, to make the two members similar in construction: 

WV-V^i = V^r(Fii3 - F2a).W = (FrV^) (/?• W) 

W2''V<P2 = V<P2'{Via+V2p)'W2' = (FrV^) (a-^aO 

+ (F2-V^)03.WV). 
Hence the equation becomes 

(V^i-Fi + V^-F2 - ka-Wi) (^.HV) + 

+ (V^-Fi - V<Pi'V2+kP'Wi) (a'W2') = 0. 

By hypothesis, <pi, ^, k are independent of Wi, W2'; hence 

by putting ir'2' = F2 and Vi successively the following equations 

are deduced 

ka-Wi = V<PvVi + V<P2'V2 

kp'Wi = V^rF2 - V^-Fi 
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which with the identity Wi = Via • Wi -4- V^P • Wi yield the result : 

kWi = (FiFi + V2V2)'V<Pi + (F1F2 - F2F1). V^ 

which is merely (17). Vice versa, from (17) may be deduced 
(22). Equation (18) is equivalent to (17) by the relation of 
isogeneity. 

In a similar manner equation (19) or (20) is seen to be a 
necessary and sufficient condition for the functions <pi and ^' 
to satisfy in order that H^^^» may be written in the form (22')- 

Equation (17) is equivalent to two independent differential 
equations on the functions ^i, ^ to be determined, as is seen in 
the equivalence of that equation to the two preceding (i. e., the 
conditions in the plane P^F2). Hence the function k remains 
entirely arbitrary, and may if we choose be taken everywhere 
positive. 
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